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?1? Strange Nonchaotic Attractors
???????????????????? (Strange Nonchaotic Attractors)???????
????????????????SNA????SNA?????1984??Grebogi, Ott, Pelikan,
Yorke???????? [Grebogi et al. 1984]?SNA???????????????????
???????????????????????????????????????????
????????????????????????? 1.1? SNA??????. ??????
????????????????????????????????????\???????
?????????"????????????????????????SNA???????
????????????????????????
Grebogi?????????SNA????????????????????????????
?????????????SNA????????????????????????????
????????????????????? \????????"??????????????
??????????????????SNA???????????????????????.
?????????????????????????? [Romeiras and Ott 1987; Romeiras et
al. 1987]????????????????? [Heagy and Ditto 1999; Venkatesan et al. 2000]?
????????????? [Ding and Kelso 1994]????????????SNA??????
?????????????????????????????????????? [Bondeson et
al. 1985; Ketoja and Satija 1997]?????SNA????????????????? [Zhou and
Chen 1997]???????????????????? [Yang and Bilimgut 1997; Venkatesan et
al. 1999; Thamilmaran et al. 2006]???????????????? [Ditto et al. 1990]??
? SNA?????????
?????SNA?????????????????????GOPY??? SNA?????
????
1.1 Strange Nonchaotic Attractors???
??????? SNA????????????????? SNA?????????????
???????????????????????????????????????????
? [Alseda and Costa 2009]???????????????????
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? 1.1: ?? (1.8)? SNA???????  = 1:5.
??????? f : M !M ????????????????????????? (SNA)?
?????????????????????????????????:
?? (??????) ??? f : M ! M ?????? ???????????Milnor???
?????????? [Milnor 1985]:
(i) ???? () = fx 2 M j!(x)  g??? Lebesgue????????? !(x)???
? x 2M ? !????????????????
!(x) := fy 2M j 9fnkg1k=1 2 Z; lim
k!1
nk =1; lim
k!1
fnk(x) = yg:
(ii) ??????0  ??((0)) > 0?????????????????????
(minimal attractor)????
?? (??????) ??????????????????????????????????
???????????
?? (?????) ???? ()????????????????????????????
????????????????????????????????
Grebogi?? SNA??????????????Milnor????????????????
??????????Grebogi????? !???????????????????????
??????????????????????????? SNA????????????SNA
?????????????????????????????????????? !????
??????????????????
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???????????????????????????????????????????
?????????????????????????????????? [Ott 2002]?????
???????????????????????????????????????????
??????????? SNA??????????????????????????????
??SNA???????????????????????????? [Ding et al. 1989b; Hunt
and Ott 2001]?
???????????????????????????????????Henon????
??? Lorenz?????????????????????????????????????
???????? (???????)????????????????????????????
?????????????????????????????????????Ruelle???
???????????????????????????? [Eckmann and Ruelle 1985; Ruelle
1989 (p. 24)]?????????? SNA?????????????????????????
?????????
1.2 ?????????????: SNA??????
???????????????????????????????????????????
???????????????????????????????????????????
?? [Ott 2002]. ????????????????????????????????????
?????????????????????SNA????????????????????
???????????????????????????????????????
_x = F(x; 1; 2);
_1 = !1;
_2 = !2:
(1.1)
??? x 2 RN ???????????????F(x; 1; 2) ????? 1, 2 2 R???? 2
?????????????????????????????!1, !2????????????
??????!1=!2????????? (1.1)?? 2?? 3?? 1 = !1t+1(0), 2 = !2t+2(0)
?????????????????????????
_x = F(x; !1t; !2t): (1.2)
?????1(0) = 2(0) = 0????????!i??????i???F(x; 1; 2; 3; :::; n)
???????????????????????????????????????????
????????????????????
9
? (1.1) ?????????????????????????????????????
?????????1 ? 2 ??????? T1 = 2=!1 ???????? tn = T1n (n 2
Z)??????? (1.1)??????????????? (x(tn+1); 1(tn+1); 2(tn+1))???
(x(tn); 1(tn); 2(tn))???????????????? 1(tn) (mod 2) = 1(0) (mod 2)
????????????? (x(tn); 2(tn))??????????????? n = 2(tn)=2
(mod 1)????????? ! = !2=!1?????n+1 = n + ! (mod 1)?????????
?? xn = x(tn)?????????????M ?????
M :
8<:xn+1 = f(xn; n);n+1 = n + ! (mod 1): (1.3)
f(x; )? ?????? 1???????2?????????
M :
8<:xn+1 = f(xn; n);n+1 = n + ! (mod 1): (1.4)
??????? (; x)???????????????????????
?? (1.3)??????????????????????????
( + !) = f((); ); 8 2 [0; 1)
?? ()????????? ()????  = f(x; ) 2 RN  [0; 1) jx = ()g??? (1.3)
????????????????????? Closure ??????????????? (?
??????? ????????????? ???????????????)??? ?
??????????????? Closure ?????????? ??????Closure 
??????????????????????????????????? ????????
Closure ???????????????????????????????????? (1.3)
? p?????????????????????????
( + p!) = fp((); ); 8 2 [0; 1)
???? p??? k()????k = f(x; ) 2 RN  [0; 1) jx = k()g??? (k = 1; 2; :::; p)?
k? p???Mp???????????? p????????? fkjk = 1; 2; :::; pg????
?M?????????k??????Closure k?????????????Closure k?
p????????????????Closure fkjk = 1; 2; :::; pg? p????????????
?????????? k????????Closure k?????????????Closure k
? p??????????????Closure fkjk = 1; 2; :::; pg? p????????????
??????
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?????? (1.3)?????????????????? (skew-product map)??????
??? 8<:xn+1 = f(xn; n);n+1 = g(n): (1.5)
???????? ()?????? (x)??????????????? (autonomous map)??
???????????????? SNA?????????????????????????
???????????????????????????????????????????
?? 4???????????????????? SNA???????????
1.3 SNA??????
?????????????????????????? (1.4)?????SNA??????
?????????
1.3.1 ?????
?? (1.4)??????????????????????????????n???Mn : x0 7!
xn???? Jacobi???DMn????????????? u0??????????????
????????
lim
n!1
1
n
ln kDMn(x0; 0)u0k: (1.6)
Jacobi??DMn?????????
DMn(x0; 0) =
0@ @xn(x0;0)@x0 @xn(x0;0)@0
0 1
1A :
??DMn??????? (1; 0)???????? @xn@x0 ??????u0 = (1; 0)???????
???? v ?????????????
v = lim
n!1
1
n
ln
@xn@x0
 = limn!1 1n
n 1X
k=0
ln
f 0(xk; k) : (1.7)
v ??????????????????????????????????????????
???????????????????? ^????????????????? v + ^ ??
????????
v + ^ = lim
n!1
1
n
ln jdetDMn(x0; 0)j:
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??? detDMn(x0; 0) = @xn(x0;0)@x0 ??????v + ^ = v ????????
^  0
???????????????????????
SNA????????????????????????????????? (1.4)????
?????????
v  0:
v = 0??? SNA?????critical SNA????? [Prasad et al. 1999]?
????????? SNA???????????????????????????????
?????????? \?????"???????????????SNA????? 0????
????????????????????????????????????????????
?????????? (2???)????????????? SNA??Devaney???????
????????????????? [Glendinning et al. \How chaotic are strange non-chaotic
attractors?" 2006]??????SNA???????????????????????????
??????????????????????
1.3.2 ?????????
????????????????????????????? (x)???????????
?????N???????????????????? "? N????? Ci(")??????
??????? x0?????????????? 0  t  T ??????Ci(") ???????
?? (Ci(");x0; T )???????? x0?????????????????Ci(")??? i?
??????????
i = lim
T!1
(Ci(");x0; T )
T
:
??????????????????????? i???????????????????
(natural measure)??? [Ott 2002]????????????????????? (typical orbit)
????
????????????Dq ???????????
Dq =
1
1  q lim"!0
ln I(q; ")
ln(1=")
??? I(q; ") =
~N(")X
i=1
qi :
~N(")????????????????????Ci(")????????????Dq?????
???? (??????????)D0?????D1??????????????:
D0 =   lim
"!0
ln ~N(")
ln "
;
12
D1 = lim
"!0
P ~N(")
i=1 i lni
ln "
:
2???? (1.4)? SNA????????????????????? f1; 2g = f0; g???
??????Kaplan-Yorke??1??????? SNA????????DL? 1????Kaplan-
Yorke??????????D1????????DL????? [Kaplan and Yorke 1979]
D1 = DL = 1:
????????D0?????D1????D0  D1??????????SNA??????
???????
D0 > D1:
??? SNA?????????????????GOPY??? SNA????????????
??????
1.4 Grebogi-Ott-Pelikan-Yorke(GOPY)??
Grebogi, Ott, Pelikan, Yorke??????????????????????????????
????GOPY???????????????? [Grebogi et al. 1984]:
xn+1 = f(xn; n) = 2 tanh(xn) cos(2n);
n+1 = n + ! (mod 1);
(1.8)
??? (x; ) 2 R [0; 1)?????????? ! = (p5 1)=2?????jj > 1???????
??? !???? SNA?????????Keller?????????? [Keller 1996].? 1.2(b)
?  = 1:5???? SNA???????
GOPY??????????????????? ()????  = f(x; ) 2 R  [0; 1)jx =
()g????()????????????
( + !) = 2 tanh(()) cos(2); 8 2 [0; 1):
tanh()???????()?????? ()???????????????????()  0
????????GOPY???????????????????? T = fx = 0;  2 [0; 1)g?
??????T ???? xn = 0?n+1 = n + ! (mod 1) (n  0)?????????? h??
?????????
h =
Z 1
0
ln jfx(0; )jd = ln:
1??????????? f1  2  :::  Ng????????????PKi=1 i  0????????K ??
????????? DL ????????? DL = K + 1jK+1j
PK
i=1 i.
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(a) (b)
? 1.2: GOPY??????????(a) ?????? (jj < 1)?(b) SNA ( = 1:5)???
????????????? T ??????????SNA???? x???????????
   1:0588.
??? ????????? Lebesgue?? () = d??????????h???????
???? T ? jj < 1????????????????jj > 1??????????????
?????2(? 1.2(a)??? (b)??).
?????????? jj > 1????????Keller??? ()? [0,1)????????
???????????????? [Keller 1996]. ????????????????????
f(x; )j = 1=4g??? f(x; )j = 3=4g?????1??????????????? T ???
????????
D = f = i=4 + !n (mod 1) jn 2 N; i 2 f1; 3gg
??? () = 0????????????? T ??????????? [0; 1)nD??? () 6= 0
??????D??? [0; 1)???????????? ()????????????????
????  = Closuref(x; ) jx = ()g??????????????Keller?????? 
?????R [0; 1)??????????? !??????????????????????
???? ????????????????
?????? ??????????????????? ???????????????
???????? tanh(x)??????? tanh(x)x  d tanh(x)dx > 0????? (??? x = 0; 1
2 = 1??????? transcritical blowout?????????????-????????? [Yalcnkaya and
Lai 1996].
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????????)???????????????? ?????????????
 = lim
n!1
1
n
n 1X
j=0
ln
2d tanh(xj)dx cos(2j)
 ;
< lim
n!1
1
n
n 1X
j=0
ln
xj+1xj
 = limn!1 1n ln
xnx0
 = 0:
???????????? xn 6= 0????? = 1:5?????????? ???????
   1:0588 < 0?????????????? jj > 1?? SNA?????????????
???????????????????GOPY? SNA????? (?????????)?
???????????????????????????????????????????
???????????????????????????????????????????
??????????????????????
GOPY??? SNA??????D0 = 2??????D1 = 1???????????? [Ding
1989b, Jager 2007]. ??????????????????????????????????
??????????SNA????????????? 2?????????????????
???????? 1????????????????????
1.5 1?????
???????????? SNA??????SNA???????????????????
??? (GOPY???????????????)?????????????????????
???????SNA??????????????????????????????????
???????????????????????????????????????????
???????????????????????SNA????????????
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?2? ??????????????
????????? SNA???????????????????????????????
????????????????????????????????????????????
????????? SNA????????????????????????????????
?????????????? SNA???????????? Pikovsky? Feudel??????
???? [Pikovsky and Feudel 1995; Feudel et al. 2006]??????????????????
???????????????????? SNA?????????????????????
???????????????????????????????????????????
??????????? SNA??????????????????????????????
????? GOPY????????????????????????SNA????????
???????????????????????????????????
2.1 ?????
????????????????????? (1.4)????????????? xn, n??
????????????????????????0@ xn+1
n+1
1A =
0@ fx(xn; n) f(xn; n)
0 1
1A0@ xn
n
1A : (2.1)
?????? n = 0 + n! (mod 1)??????????n????????????????
?? 0@ xn
n
1A =
0@ @xn@x0 @xn@0
0 1
1A0@ x0
0
1A : (2.2)
? (2.2)????? Jacobi???????????????
@xn
@x0
= fx(xn 1; n 1)
@xn 1
@x0
= n 1k=0fx(xk; k); (2.3)
@xn
@0
= fx(xn 1; n 1)
@xn 1
@0
+ f(xn 1; n 1): (2.4)
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@xn
@x0
? 0???????????? x0 ???? xn???????????????n ! 1?
?????? (1.7)??? x?????????? v ???????????????????
????? v < 0??????????? n??? @xn@x0 ?????????@xn@x0
  evn ! 0 (n!1): (2.5)
?????? (2.2)????????????????? xn=n????????????
xn
n
! @xn
@0
(n!1): (2.6)
?????????????????????????????????? xn=n ? n ! 1
???? (xn; n)???????????????
 
@x
@

=n
????????????????
????????????? @xn@0 ???????????????
@n
@0
= 1???@xn@0 ?????
??? @xn@ ??????????
@xn
@ ?????? (phase sensitivity)??????? [Pikovsky
and Feudel 1995]?? (2.4)??????????????????
@xn
@
= fx(xn 1; n 1)fx(xn 2; n 2)             fx(x2; 2)fx(x1; 1)f(x0; 0)
+ fx(xn 1; n 1)fx(xn 2; n 2)             fx(x2; 2)f(x1; 1)
...
+ fx(xn 1; n 1)f(xn 2; n 2)
+ f(xn 1; n 1):
??????????
@xn
@
=
nX
k=1
@xn
@xk
f(xk 1; k 1); (2.7)
??? @xn
@xk
= n 1j=kfx(xj ; j) (k = 1; 2; :::; n  1): (2.8)
????? @xn=@xk ? k = 0?? (2.3)?????????????????????????
(n  k)?????????????
?????????????????????????????
@xn
@
???????????
????max0<1
@x
@
?????????????SNA?????????????????
???????? @xn@ ?????????????????????????????????
???? (n;x0; 0)??????
(n;x0; 0) = max
1<jn
@xj@
 :
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????(n;x0; 0)???????? (x0; 0)?????????????????
 (n) = min
x0;0
(n;x0; 0): (2.9)
??  (n)??????? (phase sensitivity function)????????????????  (n)
?????????????????????????SNA????????????????
??????? [Pikovsky and Feudel 1995; Feudel et al. 2006]
 (n)  n :
????   0??????? (phase sensitivity exponent)????????????????
???????????????????????????????????????????
????? [Sosnovtseva et al. 1996]????? [Feudel et al. 2006 (p. 54)]????????
2.2 ??GOPY????????
GOPY?? [? (1.8)]???????? GOPY?? [Jager, 2007]????SNA??????
??
@xn
@
 ????????????????
??GOPY???
8<:xn+1 = 2 tanh(xn)j sin(n)j;n+1 = n + ! (mod 1): (2.10)
x 2 R+? 2 S??, ??????  > 0??? ! = (p5  1)=2????GOPY???????
???????? < 1?? x = 0???????????????  1?? SNA?????
???????????   1??????????? 2.1?  = 1:1???? SNA????
????? 0 = 0???? n = n! (mod 1)??????? ! ???????? Fk (k =
1; 2; 3; :::)????????????????? (?? B??)!   Fk 1Fk
  1p5F 2k : (2.11)
??????? sin(Fk!)  =
p
5Fk????????????? n = Fk +1???? xFk+1?
?????????????????????
xFk+1 
2 tanh(xFk)p
5Fk
:
n = Fk + 1??????? x???????????????????? xn????????
????
xn+1  2j sin(n)jxn
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θn
? 2.1: ??GOPY??? SNA? = 1:1?
????????????????????????
xFk+1+m  xFk+1mj=1[2j sin((Fk + j)!)j] (m  1):
???????????????????????????1
lnxFk+1+m  lnxFk+1 +m ln 2 +
mX
j=1
ln j sin((Fk + j)!)j (m  1);
 lnxFk+1 +m ln 2  m ln 2;
= lnxFk+1 +m ln:
???
xFk+1+m  xFk+1em ln: (2.12)
???????????????????????? xn ?????????????????
tanh(x)  x?????????? jxj < ~x( 0:1)?????xn? x = ~x??????????
~m?? (2.12)??
~m  ln(~x=xFk+1)= ln  ln
 p
5Fk~x
2 tanh(xFk)
!
= ln (2.13)
????????
??????? @xn@ ?????????
@xn+1
@
= 2(1  tanh2(xn))j sin(n)j@xn
@
+ 2 tanh(xn) cos(n):
1????????????
R =2
0
log(sinx)dx =  
2
log 2??????????
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???? @xFk@ ?O(
p
5Fk)???????????????????????????????
?? @xFk+1@ ?????????
@xFk+1
@
 2 tanh(xFk) < 2:
xn < ~x?????????????? @xn@ ????????????
@xn+1
@
 2j sin(n)j@xn
@
+ 2xn cos(n):
???????????????????????????????????????????
????
@xn+1
@
 2j sin(n)j@xn
@
:
????????? @xn@ ???????? xn???????????????????????
????????????? @xFk+1+m@
  @xFk+1@
 em ln: (2.14)
????????? n > Fk?xn? x = ~x??????? n = Fk + 1 + ~m?????????
(2.13)????? @xFk+1+ ~m@
  p5~xFk: (2.15)
??? x ' ~x?????? tanh0(~x) 1???????????????? 2???????
??????Fk  N ????Fk  ~m???? Fk +1+ ~m  N ???????? (2.15)???
?????? @xN@
  p5~xN (N  Fk; k = 1; 2; 3; :::): (2.16)
??????????????????????????  = 1:005???. ? 2.2?????
?????? n = 121393??????????? @xn@0 ???? xn ????????????
???? @xn@ ???? xn ??????????????????????????? 2.3??
????????
@xn
@
???????? (2.16)????????????? 2.4??????
?  (n)???????? [103; 107]????????????????????????????
 = 0:998437 0:01695????
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? 2.3: ??GOPY???????????
@xn
@
? = 1:005???. ???????????
N  Fk (k = 1; 2; 3; :::)??????????????
p
5 0:25 n????????????
???????
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(n)
log10n
PSF
0.998*x-0.493
? 2.4: ?? GOPY????????????  (n)? = 1:005???. ??????????
[103; 107]????????????? y = 0:998x  0:493.
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2.3 ????????
???????????? @xn@ ???????????????????????????? (?
?????????????)N (xi)????? i???????N????fxi; xi+1; :::; xi+N 1g
??????????????
N (xi) =
1
N
ln
@xi+N@xi
 = 1N
i+N 1X
k=i
ln jfx(xk; k)j : (2.17)
? (2.17)?N !1??????????? [? (1.7)]??????????v = limN!1 N (xi).
???????????????????????????????????????????
?????????????????? N (xi)??????????? @xn@ ?????????
@xn
@
=
nX
k=1
 exp[(n  k)n k(xk)]f(xk 1; k 1): (2.18)
????????????????(n  k)????????????????? n k(xk)??
??????????????????????? P (N )?????
P (N ) = h[N   N (xi)]i:
??? hi? xi????????????????????? N ??????????????
?????????? 1? N < 0 (N  1)???????? (2.18)????????? (2.18)
??????????????????????? N ????????????? (?????
?)N ?????????????????????????????????????????
??? SNA?????????
Pikovsky and Feudel (1995)?????? GOPY???????????????????
P (N )????????????????????????????????????????
?????????? x ~1?????????????????????? n = i?????
????? xi ' 0??????????N ?????????????????? x  ~1??
??????? T ?? (2.12)?????????????
T  ln(~x=xi)= ln:
????????????? N (xi)??? n = i?? n = i+ T   1????????????
??????????
N (xi)  1
N
i+T 1X
n=i
ln 2j sinn!j;
 T
N
ln;
 1
N
ln(~x=xi):
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? 2.5: ?? GOPY??????????????? N ????? P (N ) (N = 25; 50; 100).
 = 1:1.
???????N ????T  N ?? N (xi)  ln??????? i 1??????????
???????? xi = 2 tanh(xi 1)j sin(i 1)j ' 2 tanh(xi 1)  i 1 (i 1  1) ?????
xi????? x 1????????????????????????? N ???????
?????????
P (N ) /
8<:N exp( NN ) if 0 < N  ln;0 if ln < N : (2.19)
? 2.5???GOPY?? ( = 1:1)??????????????????P (N )???????
????????N?????????? N > 0???????????P (N ) / exp( NN )
???????????
2.4 2?????
2??? SNA????????????????????????????????????
?????????????????????????????????SNA????????
???????????????????????????????????????????
??? GOPY?????????????????????????????????? SNA
???????????????????????????????????????????
??????????????????? N ??????N ???????????????
??? SNA???????????????
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?3? SNA?????????
???????????? SNA???????????? x???????????????
??????? (1.3???)?????????? 0???????????????????
? x0?????????????????????????????????????????
??????? x0????????????????????????????????2??
???????SNA????????? 0?????????? (?????)????? 0?
????????????????? x0?????????????????????????
SNA?????????????????????????????????????????
???????????
SNA????????? Feudel??????????? [Feudel et al. 1995]?Feudel???
??????????????SNA???????????????????????????
????????????????????????????????????????????
???????????????????????????????????????????
???????????????????????????????????????SNA-??
???????????????????????????????????????????
????????????????????????????????????????????
3.1 ????????????????????
SNA?????????????????????????????????????????
?????????????????????????????????? [?? 1986]????
??????????????????????????????????? (????????
????)???????????????????????? [?? 2004]??????????
???????????????????????????????????? [Gardiner 2004]?
????????????? t???????????B(t)????????????????
???????B(t) B(0)??? hB(t) B(0)i = 0??? h[B(t) B(0)]2i = 2Dt?????
?????????????D?????????????????????????????
??????????????????????????????????????????
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???????????????????????????????????????????
????????????????????????????????? [Dorfman 1999]. ??
????????????????????????????????????????????
????????????????????????????????????????????
?????????????????????? [Dorfman 1999; Geisel and Nierwetberg 1982;
Grossmann and Fujisaka 1982; Schell et al. 1982]??????????????? [Dorfman
1999; Bunimovich and Sinai 1981; Gaspard and Nicolis 1990]???????????????
????????????????????????????????????????????
????????????????????????? (??????????KS??????)
????????????????? [Dorfman 1999; Gaspard and Nicolis 1990]???????
?????????????????????????????????????? [Dettmann
and Cohen 2000; Cecconi et al. 2003]??????? [Geisel and Thomae 1984; Geisel et al.
1985; Korabel et al. 2007; Zaslavsky 2002]???????????????????????
?. Cecconi??????????????????????????????????????:
(1) ?????????????????????????(2) ???????????????
??????????? [Cecconi 2003]. ?????????????????????????
????????????????????????? SNA?????????Cecconi???
???????????????????
SNA????????????????????????????????????????
?????????????????????? h[X(t)  X(0)]2i????????? [Metzler
and Klafter 2000]?
h[X(t) X(0)]2i  Dt (t!1): (3.1)
 = 1???????? (normal diusion),  6= 1???????? (anomalous diusion)??
?????1 <  < 2???? (superdiusion), 0 <  < 1???? (subdiusion)???????
???????????????????????????? [Klafter and Sokolov 2005]?
?????????????????. ??????????????????. ??????
?????????????????????? [Continuous-time random work (CTRW)] ??
?????????????????????? [Metzler and Klafter 2000]. CTRW?????
????????????????????????????????????????????
????????????????????????????????????? P (t) / t  1
(0 <  < 1) ????????????? P (t) ????????????????????
?????????????????? CTRW?????????????????????
[Bel and Barkai 2005; Lubelski et al. 2008; He et al. 2008]. ??????????????
ht02(t)i = h(xt0+t   xt0)2i?????? t0?????. ??????????????????
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???????????????? h2(t)i??????????????
2(t) = lim
T!1
1
T   t
Z T t
0
[x(t0 + t)  x(t0)]2dt0
?????? [Lubelski et al. 2008; He et al. 2008]??????
ht02(t)i 6= 2(t):
?????????????????????? [fractional Brownian motion (FBM)]???
[Mandelbrot and Van Ness 1968; Biagini et al. 2008]. Hurst??H 2 (0; 1)? FBMfBH(t)gt0
??????????????????????? [Biagini et al. 2008]
hBH(s)BH(t)i = (1=2)(s2H + t2H   jt  sj2H):
??????????? hB2H(t)i = t2H ???. CTRW????FBM????????????
????? [Deng 2009]. FBM??????????????????
(i) ??????? dBH(n) = BH(n+1) BH(n) (n = 0; 1;    )?????????????
??? H(n) = (1=2)[(n+1)2H + (n  1)2H   2n2H ]?????????????. 0 < H < 1=2
??????? H(n)? n = 0????????????????????? [Mandelbrot and
Van Ness 1968; Biagini et al. 2008]
H(n) ' H(2H   1)n2H 2 ! 0 as n!1: (3.2)
(ii)?????????????????????????? [Mandelbrot and Van Ness 1968]
h BH( t)BH(t)i
hB2H(t)i
= 22H 1   1 < 0: (3.3)
? (3.3)???????????? hB2H(t)i = T 2H ?????.
3.2 ??????????? (?????????)
???? S2????????????? ~M [Ding et al. 1989a; Feudel et al. 1995; Feudel et
al. 1997; Stark et al. 2002; Jager 2009; Lai 1996] ???????????
~M :
8<:xn+1 = xn + b+
a
2
sin(2xn) + " sin(2n) (mod 1);
n+1 = n + ! (mod 1):
a, b??? "????????!?????????? ~M ??????R S1????????
M ???
M :
8<:xn+1 = xn + b+
a
2
sin(2xn) + " sin(2n);
n+1 = n + ! (mod 1):
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??M ????????????? ~M ? !????????????????? !?????
???????????  = limn!1(1=n) ln j@xn=@x0j ???????? ?????????
?? (2???). ?? ~M ? !??????????????????????????????
????? ( < 0;  = 0), ????? S2 ( = 0;  = 0), SNA( < 0;  > 0), ????????
???? ( > 0) [Ding et al. 1989a; Feudel et al. 1995; Feudel et al. 1997].
????????????? (b = 0)??????????????? (b 6= 0)??? 3.3??
???. ?????? " = 2:5??? ! = (
p
5  1)=2?????a > 0???????????.
? 3.1(a)???????? ? a?????????. a = as ( 0:850 23)????, ?????
?????????????????????? (?????????)???? SNA????
?? [Feudel et al. 1995; Feudel et al. 1997]??????????????M ??? xn???
????????????????. ? 3.1(b)? a = 1:7???? SNA??????. SNA?
??????????????????? 0??????????????????? 3.1(c)?
?????????? 0 = 0??? 10 4????????? xn??????????????
SNA? a = ac ( 1:828 7)????????????????.
3.2.1 ??????
??M ??? xn????????????. ????? b = 0??, ?? M ??? (x; )!
( x; + 1=2)??????????. ???, ???? P (x; ) = P ( x; + 1=2 (mod 1))???
????????????????????. ??????????????????????
????? hi???? hxni = 0???. ??????????? (MSD)h2(n)i = h(xn   x0)2i
???? 0:5  x  0:5, 0   < 1 ??????????????????? 5000?????
???????. ?????????? 5000????????????????5001?????
? (x0; 0)?????.
?????. SNA?????????????? (as < a . 1)??, ?????? h2(n)i
??????????? (? 3.2)????????????????? 3.2?????????
0:304 lnn+2:97????????????????? f(n; h2(n)i)jh2(j)i < h2(n)i; 0  8j <
ng(??)???????????????????????????????. ???????
????????? h2(n)i????????? n = Fk ??????????????????
???????????? F1 = 1, F2 = 2?? Fk+2 = Fk+1 +Fk??????. ???????
??????????? 1???????????????????
??????????????????????Birkho? yn??????????????
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? 3.1: (a)????????a???. a??????,??????????a = as ( 0:850 23)
? SNA?????????? SNA? a = ac ( 1:828 7)????????????????. (b)
a = 1:7???? SNA. (c) ?????????? 0 = 0 (?)??? 10 4 (?)????????.
????????? x0 = 0??????? a = 1:7???.
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 0
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<
σ
2 (n
)>
n
0.304*lnn+2.97
? 3.2: a = 0:95?????????? h2(n)i????? (??). ????? 0:304 lnn + 2:97
??????????? f(n; h2(n)i)jh2(j)i < h2(n)i; 0  8j < ng(??)????????
????????????????. ??????? h2(n)i????????? n = Fk (k  1)
?? (??)????????
[Godreche et al. 1987; Isola 2006]
yn = y0 +
n 1X
j=0
g(0 + jw):
??? g()?
R 1
0 g()d = 0?????????????????!????????????
?????1?!??????? p=q?????Birkho? yn????Denjoy-Koksma????
????? [Herman 1979 (p. 73); Cornfeld et al. 1982 (p. 84)]
jyq   y0j =

q 1X
j=0
g(0 + jw)
  Var(g):
!???? (
p
5  1)=2??????????????????????? Fk 1=Fk??????
?? jyFk   y0j  Var(g)???????????????? n = Fk?????????????
???????
h(yFk   y0)2i  Var(g)2:
? 3.3???????
g() =
8<: 1 (0   < 1=2); 1 (1=2   < 1); (3.4)
1?? !?????????? (constant type)?? !????????????? qn ???? qn+1=qn ????
???????.
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<
σ
2 (n
)>
n
0.603*lnn+1.04
? 3.3: ?????? g?Birkho? yn?????????? h(yn  y0)2i????? (??). ?
???? 0:603 lnn+1:04??????? (??)??????????????????????
??. ??????? h2(n)i????????? n = Fk (k  1)?? (??)????????
???? Birkho? yn??????? h(yn   y0)2i??????????? (????????
g() = sgn(sin(2))?????????)???????????M ????????????
???????????????????????????????????????????
???????
?????M ???????????? ~M ? SNA??? x = '() (mod 1)???????
???????????????????????? xn??? Birkho??????
xn = x0 +
n 1X
j=0
 a
2
sin(2'(0 + j!)) + " sin(2(0 + j!))

: (3.5)
SNA???????'()? ??????????????????? xn??????Birkho
? yn?????????????????????. ???????????????????
??????????????????????
?????. ????????????????????? (1 . a . 1:65)??, ??????
??????????????? (? 3.4(a)? a = 1:6?????????? h2(n)i?????
???). ???????????????????????????
???. ????????? SNA?? (1:65 . a < ac)??, ?????? h2(n)i?? 3.4(a)
??????????????. ???????????? a???? ac??????????
?????????????????. ?????????????????????????
?H(n)?????????
h2(2n)i = 22H(n)h2(n)i: (3.6)
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??????? FBM??????????????????????????????FBM?
???????????Hurst??H?????????????????? [2m; 2M ]????
??????????Hm;M ??????????
Hm;M =
1
M  m
M 1X
k=m
H(2k): (3.7)
????h2(2M )i = 22Hm;M (M m)h2(2m)i??????? [2m; 2M ]????????????
????Hmaxm;M ?????????????Hminm;M ??????????
Hmaxm;M = max
mk<M
H(2k); Hminm;M = min
mk<M
H(2k):
????????? h2(n)i???????????????, ??????????Hm;M ??
???M  m?????????
Hm;M ' H:
??????????????????????
h2(n)i  n2H (n!1):
? 3.4(b)???????????H(' H20;30)? a????????????????????
????????????? [Hmin20;30;Hmax20;30]??????. ????? 1:65 . a < ac?????
????????? (0 < H < 1=2)???????????.
????. ????? (a > ac)?????, ???? (H = 1=2)?????? (? 3.4(a)?3.4(b)
???). ???????????????????? a = ac????????????????
??????a = ac??????????????Hm;M ??m? (M  m)?????? 1=2
???????????????
??????????????????????????????????????????:
???? (???????????)
! ???????????????????? (SNA??)
! ???? (???????????):
????? (?)????????????????????????????????" = 2:5?
???????????????????????????????????????? a = 1
?????????????????????????? " = 1:0??????SNA?????
????? a = as( 1:4922)??????????????????????????
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? 3.4: (a) ac  1:828 7?????? a?????????? h2(n)i?????. ??????
n = 2k (k = 1; 2;    ; 29)?????????????. (b) ??????????H ? a??
?. ???????H (' H20;30)????? [220; 230] ( [106; 109])????????????
? (3.7)?????????????????? [Hmin20;30;Hmax20;30]??????.
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3.2.2 ??????????
??????????????? xn   x0???????????????????????.
???????????? vn = xn+1  xn = (a=2) sin(2xn) + " sin(2n)????????
??????????? xn   x0 =
Pn 1
k=0 vk. ??? fvngn0???????????????
??????
hvn0i = const and hvn0vn0+ni = hv0vni for 8n0; n  0: (3.8)
? 1??????????????. ????????????????????
vn0 = hvni and vn0vn0+n = hv0vni for 8n  0: (3.9)
??? vn0 = limN!1 1N
PN 1
n0=0 vn0 ??? vn0+nvn0 = limN!1
1
N n
PN n 1
n0=0 vn0+nvn0 ???. ?
(3.8)? (3.9)???????????????????. ? 3.5(a)?????????????
????????????????? (ACFs) hvn0vn0+ni=hv2n0i ???? n0?????????
?????????????????????????????? vn0vn0+n=v2n0 ???????
?????????????????????
? (3.8)??????, ???????????????
h2n0(n)i = h2(n)i: (3.10)
??? h2n0(n)i = h(xn0+n   xn0)2i???. ????? (3.9)??????, ?????????
?????????????
h2(n)i = 2(n): (3.11)
??? 2(n) = limN!1 1N n 1
PN n
n0=0(xn0+n   xn0)2???. ? 3.5(c)?? (3.10)? (3.11)??
?????????????????
? (3.8)?????????, ?????? h2(n)i??????????????
h2(n)i = hv20in+ 2
n 1X
k=1
(n  k)hv0vki: (3.12)
?????? hv0vki????????????????? h2(n)i  Dn (H = 1=2)????
?????????D??????????D =
P1
 1hv0vki=2?????? [Dorfman 1999],
?????????? hv0vki  k  (0 <  < 2)?????????????????, ???
? h2(n)i  n2H (H = 1   =2)????? [Mannella et al. 1994]. FBM?????????
?. ?????M ??, ???? hv0vni?? 3.5(a)????????????????????
? (3.12)????????? h2(n)i  n2H ???????????????????????
????????????????????????
zn = vn   " sin(2n) = (a=2) sin(2xn):
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???????? hz0zni?????????????? (? 3.5(b)). ????????????
??????
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? 3.5: (a)???????????????????????????? (ACFs) hvn0vn0+ni=hv2n0i
(n0 = 0; 1; 10; 100) ???????????????????????????? vn0vn0+n=v2n0 .
(b) zn???????????????? hz0zni=hz20i. (c) ????????????????
? h2n0(n)i (n0 = 0; 1; 10; 100) ????????????????? 2(n). ????????
? a = 1:7??? ?????????N = 108????????.
3.2.3 ????????????????
???????????????, ??M ???????????????????? C(n)
????
C(n) =
h(x0   x n)(xn   x0)i
h(xn   x0)2i : (3.13)
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? (3.10)?????????? (3.13)?C(n) = h2(2n)i=2h2(n)i   1???????????
??????? (3.6)???? C(n) = 22H(n) 1   1?????. ??????????
H(n) =
1 + log2[1 + C(n)]
2
: (3.14)
? (3.14)??? H(n)????????????????????????????????
(local second moment method)????????? [Hastings and Sugihara 1993]. ??????
H(n)?????????????:8>>>>>><>>>>>>:
1=2 <H(n) < 1 for 0 < C(n) < 1;
H(n) = 1=2 for C(n) = 0;
0 <H(n) < 1=2 for   1=2 < C(n) < 0;
H(n)  0 for   1 < C(n)   1=2:
0 < C(n) < 1???,???n????????????? (??)?,????????n????
????????? (??)?????????????? (persistence)?????1=2 < H(n) < 1
????????????????????????,  1=2 < C(n) < 0?????, ??? n?
???????????? (??)?, ??????? n????????????? (??)??
?????????????? (antipersistence)????, 0 < H(n) < 1=2?????????
?????????????FBM?????, ????????H(t)????? C(t)????
???H?C(= 22H 1  1)????? 0 < C < 1??????? (1=2 < H < 1)???????
???? 1=2 < C < 0??????? 0 < H < 1=2??????.
? 3.6(a)? a = 1:7 (SNA)????????C(n)?????????H(n)????????
3.6(b)? a = 2:0 (chaos)??? C(n)?H(n)?????????????? 0 < H(n) < 1=2
???????????????????? n????????  1=2 < C(n) < 0?????
??????????H(n) ' 1=2????????????????? n?????????
C(n) ' 0?????????.
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(b) a=2.0
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? 3.6: ????????????????C(n) (?)?????????H(n) (??). (a) a = 1:7
(SNA) ??? (b) a = 2:0 (chaos). ??????? n = 2k (k = 0; 1; 2;    ; 29)???????
??????.
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3.3 ??????????? (?????????)
????????????? (b = 0)???M ?????????????????????
??????????????????????????????????? b = 0:01?????
???????????????????
? 3.7(a)? 0:8 < a < 2:0??????????? ? a??????????a????
???, ?????????????????? a = as ( 0:982 9)? SNA????????
? SNA ? a = ac ( 1:807) ???????????????????. b 6= 0 ??????
W = limn!1(xn x0)=n???????????. ???????????????? hxn x0i
????W ?????
hxn   x0i 'Wn:
? 3.7(b)? 0:8 < a < 2:0???????W ? a?????????????0:8 < a < as ?
?????????????????????W ???????????? [Ding et al. 1989a;
Feudel et al. 1997]
W =
k + l!
m
(k; l 2 Z; m 2 N):
???as < a < 2:0?????????????????????
W 6= k + l!
m
(8k; l 2 Z; m 2 N):
?????????????????????????? (xn  x0 Wn)?????? [Stark
et al. 2002]. ?????????????????????????????? SNA?????
???????????(xn   x0  Wn)???????????????? [Stark et al. 2002].
????????????????? hxn   x0i?????????????????
h2(n)i = h(xn   x0)2i   hxn   x0i2:
?????. ??????????? SNA??????? (as < a . 1)??????????
??? 3.8? a = 1:0 (SNA)?????????? h2(n)i?????????????????
????????????????????????????? n = Fk (k  1) ???????
??????????????????????? b = 0????????? (? 3.2??)?
???????????????. ? 3.9(a)???????? h2(n)i????????? a?
???????????????h2(n)i? a = ac??????????????a = ac???
???????????????????????????H(n)?? (3.6)????????.
? 3.9(b)????????????H(' H20;30)?????? a ??????????????
?????????????? [Hmin20;30;Hmax20;30]???. ????? b 6= 0??????SNA-??
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? 3.7: (a) ??????? ? a???. a???????????????? a = as ( 0:982 9)
?SNA?????? (?????????????QP???)?????SNA? a = ac ( 1:807)
????????????????. (b) ???W ? a????a < as???????????
??????????????????????
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? 3.8: a = 1:0?????????? h2(n)i????? (??). ??????? 0:103 lnn+3:43
????????????????? f(n; h2(n)i)jh2(j)i < h2(n)i; 0  8j < ng(??)???
????????????????????????????. ??????? h2(n)i????
????? n = Fk (k  1)?? (??)???????
????????? (0 < H < 1=2)?????? (H = 1=2)????????????????
?????.
????????????? (3.10)?(3.11)??????????????????????
????????? (? 3.9(a)???). ????H(n) = f1 + log2[1 + C(n)]g=2???????
??????????????3.2.3??????????0 < H(n) < 1=2??????????
???????????? n???????? 1=2 < C(n) < 0??????????????
???H(n) ' 1=2??????????????????? n????????? C(n) ' 0?
???????????
?????????????? (b = 0:01)?????????????????????????
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? 3.9: (a) ac  1:807?????? a?????????? h2(n)i?????. b = 0:01??
???????? n = 2k (k = 1; 2;    ; 29)?????????????. ?????????
????????????????? h2n0(n)i (n0 = 0; 1; 10; 100)?????????????
??????? 2(n)??????????????????(b) ??????????H ? a
???. ???????H (' H20;30) ???? [220; 230] ( [106; 109])???????????
???? (3.7)?????????????????? [Hmin20;30;Hmax20;30]??????.
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3.4 ?????????????
????????????, ?????????????????? [Romeiras and Ott 1987;
Lai 1996]
_x = v;
1
p
_v =  v   sinx+ V0 + V1 sin1 + V2 sin2;
_1 = !1;
_2 = !2:
(3.15)
??? x 2 R???, v 2 R????, ??? 1; 2 2 R?????? !1; !2??? V1; V2??
???????????????. ????V0???????p???????. ? (3.15)??
?????? tn = 2n=!1 + t0 (n 2 Z)??????????? 3??????????
xn+1 = F (xn; vn; n);
vn+1 = G(xn; vn; n);
n+1 = n + 2! (mod 2):
(3.16)
??? xn = x(tn), vn = v(tn), n = 2(tn), ! = !2=!1???. ????? p!1??,? (3.15)
???????????
_x =   sinx+ V0 + V1 sin1 + V2 sin2;
_1 = !1;
_2 = !2:
(3.17)
???????????? (3.16)? 2???????:
xn+1 = f(xn; n);
n+1 = n + 2! (mod 2):
(3.18)
?? (3.16)??? (3.18)?????????????????????????????????
??? 3.2??????????????????????????
? (3.15)????????????????????????????????????? v(t)
????x(t) (mod 2), 1(t) (mod 2), 2(t) (mod 2) ????????. ?????????
??????????? 4???. ???? 2???????????????? 2???????
????????????????? ???????????  = limt!1(1=t) ln jd(t)=d(0)j?
??? d(t) = [x2(t) + v2(t)]1=2 ???x(t) ??? v(t)?????? _x = v, (1=p) _v =
 v  x cosx = 0?????. ???????????????? 0???? 0 =  (p+ )?
42
-0.2
-0.15
-0.1
-0.05
 0
 0.05
 0.5  0.55  0.6  0.65  0.7  0.75  0.8
λ
p
SNA
Chaos
Pc
? 3.10: ?????????????? ?????? p???. p?????????????
p = pc ( 0:587 4)???? SNA????????????
????? [Romeiras and Ott 1987]. ????????????????????? ????
???????????????????????????? (????? [Feudel et al. 2006
(p. 54)]???).
??????????, ?????? !1 = 1, !2 = (
p
5  1)=2, V0 = 0 ??? V1 = V2 = 2?
????.???????????, ????? p ! 1 ???????? SNA???????
??Neumann? Pikovsky?????????? (?? [Neumann and Pikovsky 2002]?? 1(b)
??). ????? p? p =1?????????, SNA? p = pc ( 0:587 4)????????
????????. ? 3.10???????? ? p 2 [0:5; 0:8]??????????????.
???????????? x(t)????????????.
V0 = 0???,? (3.15)??? (x; v; 1; 2)! ( x;  v; 1+; 2+)??????????.
??????????? P (x; v; 1 (mod 2); 2 (mod 2)) = P ( x;  v; 1 +  (mod 2); 2 +
 (mod 2))??????????????????????????. ????, ??????
h2(n)i = h[x(tn)   x(0)]2i????? t = tn????????. ???????? hi????
?? x = v = 0, 0  1;2 < 2???????? 1000????????????. ??????
x(tn) (n = 0; 1; ::; 100)???????????????
?????. ????? p (p & 10)??????????? h2(n)i?????????????
???????????????? 3.11(a)? 3.11(b)?????????? p = 20? p =1?
????????? h2(n)i ???????????????????????????????
f(n; h2(n)i)jh2(j)i  h2(n)i; 0  8j  ng(??)????????????????????
??????????????????????????? n = Fk (k  1)?????????
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? h2(n)i?????????. ? 3.11(a)? 3.11(b)???????????????
?????. ?????????????? (0:61 . p . 10)??, ????????????
????????????????????????????
????????????? SNA?? (pc < p . 0:61)??,? 3.12(a)??????????
???? h2(n)i?????????. ??????????????H(n)?? (3.6)????
????. ? 3.12(b)????????????H(' H14;20)?????? p ????????
???????????????????? [Hmin14;20; Hmax14;20]??????. ?????? (3.15)
???????? pc < p . 0:61??????? (0 < H < 1=2)????????????.
????. ????? (p < pc)??, ???? (H = 1=2)??????. ??????????
??????????????????????? p = pc?????.
????????????? (3.10)?(3.11)??????????????????????
????????? (? 3.12(a)???). ????H(n) = f1+ log2[1 +C(n)]g=2???????
??????????????3.2.3??????????0 < H(n) < 1=2??????????
???????????? n???????? 1=2 < C(n) < 0??????????????
???H(n) ' 1=2??????????????????? n????????? C(n) ' 0?
???????????
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? 3.11: (a) p = 20 ??? (b) p =1?????????? h2(n)i????????????
?????????????????? f(n; h2(n)i)jh2(j)i < h2(n)i; 0  8j < ng(??)??
??????????????????????????????(a)?? 10:46 lnn+12:49?(b)
?? 10:05 lnn+14:07?????????????????????????????? n = Fk
(k  1)?????????? h2(n)i(??)??????????
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? 3.12: (a)??? p?????????? h2(n)i?????????????? n = 2k (k =
0; 1; 2;    ; 20)?????????????. ??????????????????????
???? h2n0(n)i (n0 = 0; 1; 10; 100)???????????????????? 2(n)???
???????????????(b)??????????H ? p???. ??H (' H14;20)?
?????? [214; 220] (= [16384; 1048576]) ????? (3.7)???????????. ????
?????? [Hmin14;20;Hmax14;20]???.
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? 3.13: ???????????? y0 = ky =(1+e y=)+0:6????. ???? = 1:0; k =
0:5.
3.5 ????????????????
??????????????????????????????????????????
?????????????????????????????????
??????????????????????????????????????????.
?? [Aihara et al. 1990]??? (12)??????????????? a? a+ b cos(2n) ??
???? 8<: yn+1 = kyn   g(f(yn)) + a+ b cos(2n);n+1 = n + ! (mod 1): (3.19)
y????????????????????????????????????2?????
????????? vn?
vn = f(yn)
???????????????? (1??? 0)????? h(v)?????????????
h(v) =
8<: 1 if v  0:5 (??????);0 if v < 0:5 (???????): (3.20)
????  = 1:0, f(y) = 1=(1 + e y=), g(x) = x,  = 0:02, k = 0:5, b = 0:1, ! = (
p
5  1)=2?
??a????????????? 3.13? ???????????? y?????????
?? (3.19)???????????????  = limn!1(1=n) ln j@yn=@y0j ???????
?  ???????????????????????????????? ( < 0;  = 0)?
2?? [Aihara et al. 1990]???  ??????????.
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SNA( < 0;  > 0) ?????? ( > 0)??????????? 3.14(a)???????? ?
a??????????a??????, ?????????? a = as ( 0:639473)??? SNA
???????????SNA? a = ac ( 0:6607)??????????????????.
???? [1; n]?????????????? xn???
xn =
nX
i=1
h(vi):
???????????????????????????
r = lim
n!1
xn
n
:
? 3.14(b)???? 0:62 < a < 0:68??????????????? r? a??????????
a < al ( 0:6380081)?? r = 1=2??????????a > al???????????????
????? (al 6= as??????????3).
???????????????. ????????? xn?????????????xn??
????? h2(n)i??????????
h2(n)i = hx2ni   hxni2:
? 3.15(a) ???????? h2(n)i ????????? a ????????????????
h2(n)i? a = ac ??????????????a = ac ?????????????????
????????????? H(n)?? (3.6)????????. ? 3.15(b)????????
???? H(' H17;26)?????? a ?????????????????????????
???? [Hmin17;26;Hmax17;26]???. ????????? xn??SNA?? (a < ac)???????
(0 < H < 1=2)??????? (a > ac)???????? (H = 1=2)????????????.
?????????????????? SNA?????? (???????????)????
???????????????? 3.16? SNA?????? a = 0:63948 (& as)???????
???????????????? 3.16????????????????H (' H17;26) = 0:157
??????????????
3????????? SNA????? 3.3????????????????????????????????
?????????????????????????????????????????????????????
a = al ????????????????????? (a > al)???????????????? yth = f 1(0:5)?
??????????????
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? 3.14: (a) ??????? ? a???. a??????, ?????????? a = as (
0:639473)??? SNA?????? (?????????????QP???)?????SNA?
a = ac ( 0:6607)??????????????????. (b) ??????????? r? a
????a < al ????????? r = 1=2???????????????????????
al 6= as?????????
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? 3.15: (a) ?????? h2(n)i?????. ?????? n = 2k (k = 1; 2;    ; 26)????
?????????. (b) ??????????H ? a???. ???????H (' H17;26) ?
??? [217; 226] ( [105; 108])??????????????? (3.7)????????????
?????? [Hmin17;26;Hmax17;26]??????.
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10-2
10-1
100
101
102
100 101 102 103 104 105 106 107 108
<
σ
2 (n
)>
n
0.63948
? 3.16: ??????? (??????????? SNA??????)??????????
h2(n)i?????. a = 0:63948: ?????? n = 2k (k = 1; 2;    ; 26)??????????
???????????????H (H17;26) = 0:157????
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3.6 3?????
??????????????????????????????????????????
?????????????????SNA????????????????????????
???????????????????????????????????????????
????????: SNA-????????????????????????????????
???????????????????????? (SNA??)??? SNA-???????
?????????????????????
??????????????????????????????????????????
????????????????????????????????????????????
SNA?????????????????????????????????????????
?????????????????
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?4? ????????????????SNA
????????
?????????????SNA????????????????????????????
????????????????????????????????????????????
???????? (1.3)?? SNA???????????????????????? SNA??
??????????????????????????????????
?????
8>>>>>>>>>><>>>>>>>>>>:
????????????????
???????????????
8>>>>>><>>>>>>:
????????????
?????????????
?????????????
?????????
?????
8>>>>>>>>>><>>>>>>>>>>:
????????????
???????????
8>>>>>><>>>>>>:
?????????
??????????
??????????
??????
??????????????? (Skew-product continuous dynamical systems)???????
??????? (Skew-product maps)?????????????????????? x???
??????????? y?????????????????????????8><>:
dx
dt
= f(x; y);
dy
dt
= g(y);
(4.1)
??? 8<:xn+1 = f(xn; yn);yn+1 = g(yn)? (4.2)
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?????????????????????????????????? y????????
???????????????????????????????????????????
???????????????????????????y????????? SNA????
??????????????? SNA????????????????????y?????
???????? SNA????????????????????????????? SNA?
?????????????????? (6?)?
??????????????????????????????????????????
????? x?????????????? y??????????????????????
?? 8><>:
dx
dt
= f(x; y);
dy
dt
= g(x; y);
(4.3)
??? 8<:xn+1 = f(xn; yn);yn+1 = g(xn; yn): (4.4)
Grebogi??GOPY?? (1.8)????????????????????????SNA??
??????????????????????? [Grebogi et al. 1984]:8<:xn+1 = 2(tanhxn) cos(2n);n+1 = n + ! + "1xn + "2 sin(2n) (mod 1); (4.5)
?????10 4 ?????? "1; "2 ???? SNA???????"????????????
?????????????????????????????????Grebogi??????
??????????? SNA?????????????????????????????
?????????????[Grebogi et al 1984]??????????? G?????????
???? "???????????SNA?????????????????????????
???????????????????????????? jmaxj??????? "?????
jmaxj  "????????????????????????
????????????????Anishchenko??????????????????SNA
?????????? [Anishchenko et al. 1996]??????????Pikovsky? Feudel???
???????????????????????????? [Pikovskey and Feudel 1997]??
???????? SNA?????????????????????????????????
???????????????????????? SNA????????????SNA??
???????????????????????:
? 1????????????????? SNA???????
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? 2?????????????? SNA???????
? 3?????????????? SNA???????
? 4??????????? SNA???????
??????????? 1???? 4???????????????????? 3?????
??????????????????????? 2???????????????????
????????????? SNA??????????????????
4.1 Badard?????????????
??????????????Badard??? SNA???????????????????
?????????? [Badard 2006; 2008]??????????????????? R3???
?????????
_x = 1 + aF (x; y; z);
_y = ;
_z = :
(4.6)
?? F ??????????????? x, y, z??????????????????????
???? ???????????????????????? x?????????????
jF j  1?? jaj < 1????????????? x, y, z????? (modulo)????????
?????????????
??????????????????????????????????????????
??????????????????????????????????????? (????
1=? 1=)??????????????????????? (1.4)????????????
??????????Badard??????????????? x????????? t = tn(?
??? x(tn) 2 Z) ????????????x??????????????? tn+1  tn???
y(tn) = yn, z(tn) = zn????? (yn; zn)????????? y(t)?z(t)??????????
?????????????????????????????????
yn+1 = yn + (yn; zn);
zn+1 = zn + (yn; zn)?
(4.7)
?????????? y; z????? 1???????????????????????
yn+1 = yn + (yn; zn) (mod 1);
zn+1 = zn + (yn; zn) (mod 1):
(4.8)
?????? (4.7)?(4.8)???? Badard???????????? [Badard 2006]?
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?? 1 ? (4.6)???? a < 1??????????????? (; )???????????
????????????????????????????????? y, z???? 0 < m 
(y; z) M ???????????? (4.7)?R2?????????? (modulo)??????
? (4.8)?????? T2??????????? =?????????? (4.8)??????
??????????????????????? (y??? z??????)????
Badard????????  ??????
(y; z) = K +
H
2
sin(2y) +
Q
2
sin(2z) with K >
jHj
2
+
jQj
2
(4.9)
?????? (4.8)?(4.9)? SNA?????????? [Badard 2008]???????? (4.8)?
(4.9)?Badard????????????????????Badard??????????Badard
??? SNA???????????? 10 9???????????????????????
??????????????????????????????? [Badard 2008]??????
?Badard???????????????????? SNA????????????????
???
4.2 ?????Badard?????????????
?????????Badard???????????????? 4.1????????????
?????????????????????? Ri (i = 1; 2)??? ri???? i 2 R????
??????????????????????????? 2 = k1 + ??????????
????????? k = r1=r2 ????????? 1 = 0??? 2 ???????????
??????mi?????????????????????????mig???? Ti???
? 4.1: ???????????
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?????? tp??????????????????????? i????????????
?????????????????????????????????
m1r
2
1
1 =  1r21 _1   r1P + (r1T1  m1gr1 sin1)
X
n
(t  tpn);
m2r
2
2
2 =  2r22 _2 + r2P + (r2T2  m2gr2 sin2)
X
n
(t  tpn);
???P??????????????????P?????????? tc = f(1+m2=m1)r1=gg1=2
?????????????????
1 =   _1 + (T   sin1   a sin(k1 + ))
X
n
(t  n);
2 = k1 + ; (4.10)
?????????????? a = m2=m1,  = (1 + 2)r1t 1=2c =m1g, T = (T1 + T2)=m1g??
 = tp=tc???????????????????????????????????
1 =   _1 + (T   sin1   a sin2)
X
n
(t  n);
2 =   _2 + k(T   sin1   a sin2)
X
n
(t  n):
(4.11)
??????????????????????? _2(0) = k _1(0)?? 2(0) = k1(0) + ??
????????
???????????? (4.10), (4.11)??????? tn = n ???????????? (?
?????)??????????n??????????????? lim"!0(n   ")????
R1???? lim"!0 1(n   ")???? lim"!0 _1(n   ") ?????????????
(vn; n)  lim
"!0

_1(n   "); 1(n   ")

:
? (4.10)????? n??????????? n+ 1???????????????????
???????? (??A??)
vn+1 = e
  [vn + T   sinn   a sin(kn + )];
n+1 = n +
1  e 

[vn + T   sinn   a sin(kn + )]:
(4.12)
????????????? e  ???????????  ???????????????
??????????????????(> 0)??????????? (= tp=tc) ! 1???
?????????????? (4.12)???????????????? (vn; n)??????
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???????????????????? xn =  n=2????????????????
f : R! R??????
xn+1 = xn +
+
V
2

sin 2xn +

k
sin 2(kxn + )

;
 f(xn): (4.13)
?????????????? V = 1=, 
 =  T=2,  =  =2???  = ka?????. ?
???? V  Vc[:= 1=(1 + )]????????V > Vc????????? = 0??????
f ???????????????????????????????????????? ?
??? \??"????????????????????????? f ??????????
???? F : R2 ! R2???
(xn+1; ) = F (xn; ) := (f(xn); ):
?? (4.13)??????????????????????????? (4.11)?????
(yn; zn)  lim
"!0
( 1(n   ")=2; 2(n   ")=2)
?????????????????
M :
8>><>>:
yn+1 = yn +
+
V
2

sin 2yn +

k
sin 2zn

;
zn+1 = zn + k


+
V
2

sin 2yn +

k
sin 2zn

:
????????????????
zn = kyn + : (4.14)
?? F ?M ????????? h?????????????
(yn; zn) = h(xn; ) := (xn; kxn + ): (4.15)
????????????M ??????????????? F (??????? f)????
?????????
??M ?????? T2????????????. ??M ??? y, z????? 1????
??????? ~M ??????
~M :
8>><>>:
yn+1 = yn +
+
V
2

sin 2yn +

k
sin 2zn

(mod 1);
zn+1 = zn + k


+
V
2

sin 2yn +

k
sin 2zn

(mod 1):
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??????M ??? ~M ????? (lift)?????. ?? ~M ??????????????
Badard?? (4.8), (4.9)?????1??????? ~M ??????????????????
?????????????????Badard????????????? 1?????????
?????? ~M(???M)??????Badard???????????Badard??????
4.3 ??????
??????? ~M ?????????? SNA????????????? f, F ??M ??
???????????????????? V ?
????????????????????
???????? 
  0??????????? V > 0????
?? f ?????? ~M ? V  Vc???????V > Vc????????????????
????M ?????????????????????? [Badard 2006]
Wy = lim
n!1(yn   y0)=n and Wz = limn!1(zn   z0)=n: (4.16)
???? (4.14)???????????????
Wz = kWy
??????????????????????????????? [Badard 2008]?
????????????? V = Vc = 11+ ?
 = 
b(V ) =
V
2
 
1 + k

??????????
??????????? (? 4.2):
??? 
 < 
b(V )?? V  Vc: ?????????????Wy =Wz = 0.
??? 
 < 
b(V )?? V > Vc: ????????????????????????????.
??? 
 > 
b(V )?? V  Vc: ?????????????????????????????
???????????????????????Wy = kWz > 0.
??? 
 > 
b(V )?? V > Vc: ????????????????????????????
?????????????. Wy = kWz > 0.
1Badard?????? ~M ?????????? k! 
, =! k, Q=H ! .
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VΩ
V=Vc
Ω=Ωb(V)
2
1
3
4
0
? 4.2: 
-V ????????????????????.
4.4 ????
??????????????????? SNA?????????????????????
????????2???????????????????? SNA????????????
?????? [Pikovsky and Feudel 1995]????????????????????????
?????M ????????????????????????????????????
??????????? f ??????????????????????? ~M ??????
???? u0?????????????????????
lim
n!1
1
n
ln kD ~Mn(y0; z0)u0k: (4.17)
???D ~Mn(y0; z0)? n??? (yn; zn) = ~Mn(y0; z0)?????????
D ~Mn(y0; z0) =
0@ @yn@y0 @yn@z0
@zn
@y0
@zn
@z0
1A :
? (4.15)???????D ~Mn(y0; z0)???????????
D ~Mn(y0; z0) =
0@ @xn@x0   k @xn@ @xn@
k

@xn
@x0
  k @xn@

  k k @xn@ + 1
1A :
??????????????D ~Mn(y0; z0)???? @xn@x0 ?????????? (1; k)???. ??
??? (4.17)?????????? u0 = (1; k)??????????????????????
????
lim
n!1
1
n
ln
@xn@x0
 = limn!1 1n
n 1X
j=0
ln
f 0(xj)  f? (4.18)
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?????????????????? f???????? f ?????. ? (4.17)? u0??
????????????. ????????????? ????. ????????????
????????????????
f +
 = lim
n!1
1
n
ln jdetD ~Mn(y0; z0)j:
? detD ~Mn(y0; z0) = @xn@x0 ?? f +
 = f ????????????? ?????????
???. ?????? ~M ??????????????? f ???????????????
???????????????????????????????? F ?M ????????
??????? f; 0g????
?????????????????????????n ??? ~Mn ?????? un =
D ~Mn(y0; z0)u0;?????????????? un = (yn; zn)???????????????
?? U = 1p
k2+1
0@ k  1
1 k
1A???????????????? u0n = UD ~Mn(y0; z0)U 1u00
??????????? u0n = Uun??
UD ~Mn(y0; z0)U
 1 =
0@ 1 0
k @xn@x0   (k2 + 1)@xn@0   k @xn@x0
1A
??????????? f ?????, ????
@xn
@x0
 efn???? n??????????
??????????????????????
u0n  y00
0@ 1
 (k2 + 1)@xn@   k
1A :
?????????? (y0; z0)??????????????????? z0n=y0n   (k2+1)@xn@  k
??????????????????????????????? jz0n=y0nj ???????
???????. ??? [Pikovsky and Feudel 1995]???????????????????
??. ??????
@xn
@
???? n??????????, ?????????????. ???
????
@xn
@
?????????????????????????????????????
???????? (4.13)??????? @xn@ ??????????????
@xn+1
@
=
@f(xn)
@x
@xn
@
+
@f(xn)
@
: (4.19)
[Pikovsky and Feudel 1995]????????????????????????????  (n)
?????????
 (n) = min
x0;0

max
1kn
@xk@
 :
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? 4.1: ? 4.3?????????????
?????? ???? ???? ????
??? P?? f < 0;  = 0 
 < 
b(V )
????? T1?? f < 0;  = 0 f <  10 5,  < 0:1
????? T2?? f = 0;  = 0 jf j < 10 5
SNA S?? f < 0;  > 0 f <  10 5,  > 0:1
??? C?? f > 0 ( undened) f > 10 5
 (n)? SNA?????????????????
 (n)  n ( > 0):
??? ???????????. ?????? ~M ???????? f < 0??  > 0???
? SNA???????. f = 0??  > 0????critical SNA????? [Prasad et al. 1999;
Negi and Ramasawamy 2001; Datta et al. 2003]?????? critical SNA?????????
????????????
4.5 
-V ?????
?????????? k = (
p
5  1)=2? = 0:5??????? 4.3??? ~M ?
-V ????
?????????????????????? f ????????  ??????????
? (? 4.1??)?
 < 
b(V )??? FP (?)???????????????????????
???????????????????
 > 
b(V )???????????????????
????????:
???????????????????????????????. f < 0??  = 0????
T1???????Arnold tongue???? (?)???????????????????? (?
????????)\?????"????
?????. ?????????????????????. f = 0??  = 0????T1-tongue
????????? (?)???????????????????? \?????"????
?????????. f > 0????????? Ch(?)??????
SNA. f < 0??  > 0????T1-tongue???????? SNA(?)??????
?????????????? 4.1???2.
2??????????? f ???????? 5 103 ???????? 2 106 ??????????????
?????????  ????????? log  (n)??? [105; 107]?????????????
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? 24   ?? 5 ?.) ?????2 ????? ,0 ??????????? ???$ ???
?? ?????$ 	?????$ ????? '?????????2 ??  A 

 A 
????????  ???????  ?????2   ??? 6 7???????A0 ? 4
???????????????????????????????????????????2
  ??? 6 7??????? &D?????????????????????$ ,B???
??????????????????2
1
4.5.1 ??????????????????
?? FP ? T1-tongue????????????????????????????????
?????????????????
Wy =
m
n
+
l
n
 1
k
; Wz =
m
n
k +
l
n
(l;m; n 2 Z): (4.20)
? 4.4? V = Vc(= 2=3)???????Wy ? 
????????????????????
???????? (m; l; n)???????????????????????????????
???????????????y, z????????? jm=lj??????????????
(m; l; n)????????????????????????????????? FP ? T1??
???????????????????????????????????????????
??? SNA????????????????
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1
Ω
Wy
(-1,1,2)
(2,-1,1)
(-1,2,5)
(1,0,2)
(-1,1,1)
(6,-2,5)
(2,0,3)
(4,-2,1)
(0,1,2)
(-7,7,5)
(0,0,1)
(1,0,1)
? 4.4: ?????: Vc = 2=3 ????? Wy??????????? (4.20) ???????
(m; l; n)????????.
4.6 ?? ~M?????
?? ~M ? 
  V ?????????????????????????
4.6.1 ??????????????
???????????????????????????????????????????
???Wy =  1+ 1=k??? T1-tongue????? (? 4.3(a)?????? 4.3(b))??????
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 0.8
 1
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(a)
(d)
(b)
(c)
y
z z
y
z
y y
z
? 4.5: ?????????????????????????????????????????
(a) ?????????? (??)???????? (??) (
 = 0:5976, V = 0:6). (b) ????
????? (
 = 0:5974, V = 0:6) (???QP ). (c) ?????????? (??)??????
?? (??) (
 = 0:5838, V = 0:8). (d) ????????????? (
 = 0:582, V = 0:8) (??
? CH).
???????????????? T1-tongue???????. ????? (
; V )? T1-tongue
????????, ??????????????????????????????????
???????. ? 4.5(a)? 4.5(b)????QP ????????? (??)?????????
??????????????? 4.5(c)? 4.5(d)????CH????????? (??)???
??????????????????????????????????????? (??)?
??????? (??)?????????????????????????????????
???????????????????????????? [Feudel et al. 1997; Feudel et al.
2006].
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4.6.2 ????????????????
?? [Badaed 2006]?????????????? ~M ?????????????????
???????????? SNA??????? (???? 4.6??????)??????? T1-
tongue???????????????????????????? SNA?????????
????????? V = 0:666??????
 = 0:294 067 34?????? 4.7(a)? V = 0:666,

 = 0:294 060?????????????????????????????????????
????f =  0:004 863? = 0???????????? 4.7(b)?
 = 0:294 067 4, V = 0:666
???? SNA????????? SNA??????  =  0:000406;  = 1:03???????
??????????????????????????????????????????y?
????Wy = ( 3 + 3=k)=7  0:264 871 7??Wy  0:264 879 0 ?????????
? 4.6: 
-V ???????????
 = 
b(V )????????????????? 4.3????
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 0
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 0.4
 0.6
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 0  0.2  0.4  0.6  0.8  1
y
z z
y
(a) (b)
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.2  0.4  0.6  0.8  1
? 4.7: ???????????????????SNA??? (???
 = 0:294 067 34?V = 0:666
??): (a) ??????????? (??)???????????? (??)?
 = 0:294 060,
V = 0:666?(b) SNA?
 = 0:294 067 4, V = 0:666.
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y 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.2  0.4  0.6  0.8  1
z
(c)
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.2  0.4  0.6  0.8  1
z
(d)
y
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.2  0.4  0.6  0.8  1
y
z
(b)
 1
y
z
(a)
 0
 0.2
 0.4
 0.6
 0.8
 0  0.2  0.4  0.6  0.8  1
? 4.8: ??????????????? (???)??????? (???)?(a)???????
??????? V = 0:666, 
 = 0:02?(b)???????????? V = 0:666, 
 = 0:165. (a)?
(b)???????? (y; z) = 0????????????????????????????
????????????. (c)????????? V = 0:3, 
 = 
b(0:3)+ 10 6???????
???(d)V = 0:666, 
 = 
b(0:666) + 10 6???? SNA. ??? (+)???????????
??? (y; z) = (3=4; 3=4)???????
4.6.3 SNA?????????
?????????????????????????????SNA??????????????
?????????????????
 = 
b(V )?????????????FP????????
?????????????????????????????????? sin(2y)+ k sin(2z) =
 2
V ??????????? [? 4.8(a)]?????????????????????????
?????(y; z)  cos(2y)+ cos(2z) = 0??????????????????????
?????????? (y; z) < 0?????(y; z) > 0????????
 < V2
 
1  k

??
??????? (??)??????? (??)?? 4.8(a)???????????? (?????)
???????????????????? V2
 
1  k
  
 < 
b(V )??, ?????????
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10-8
10-7
10-6
10-5
10-4
10-3
10-2
10-1
103 104 105 106 107
10-4
10-2
100
102
104
106
108
1010
100 101 102 103 104 105 106 107 108 109
n n
(a) (b)
|λfθ(n)| Γ(n)
ν=0.97
2-torus (V=0.3)
SNA (V=0.666)
slope 1/n 2-torus (V=0.3)
       SNA
(V=0.666)
? 4.9: (a)??????????????? jf(n)j?????. (b)??????? (n)?V = 0:3
?? 4.8(c)??????? V = 0:666?? 4.8(d)? SNA??????
????????????????????????????????? [? 4.8(b)]??????
????????????????????????????????????????????
? 
 = 
b(V )??????????? (y; z) = (3=4; 3=4)???????????, ??????
SNA?????????????????????????????????????????
? 4.8(c)? V = 0:3, 
 = 
b(0:3)+10 6????????? (f = 0? = 0)??? 4.8(d)?
V = 0:666, 
 = 
b(0:666) + 10
 6???? SNA(f   0:00349?  0:97)????????
???????????????? f = 0???????????????????????
??? f(n) :=
1
n
Pn 1
j=0 ln jf 0(xj)j ??????????? 4.9(a)?????????????
?? jf(n)j???????????, SNA???????????????????????
???? jf(n)j  1=n??????????????????????? 4.9(b)??????
????????????????  (n)??????????????????????  (n)
??????????????SNA????????????????
????????????? SNA??????????????? SNA?????????
???????????????????????? T1-tongues???????????????
? 4.10(a)?? 4.10(b)???????? f ??????? ??????
 = 
 
b(V )?
?????????V = 0:666?????????
??????????? ? 1:0 0:3?
??????????????????????????? SNA???????????????
????????? SNA?????????????????????????????
??????????????????????????????????????????
???? 4.8(c)?4.8(d)???? (+)??????????????????????????
????????? \??"???????????????????????????????
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 0.2
 0.4
 0.6
 0.8
 1
 1.2
10-7 10-6 10-5 10-4 10-3 10-2 10-1
∆Ω
ν
V=0.666
V=0.3
(b)
-0.04
-0.03
-0.02
-0.01
 0
 0.01
10-7 10-6 10-5 10-4 10-3 10-2 10-1
∆Ω
λfθ
V=0.3
V=0.666
(a)
? 4.10: (a) ??????? f ?
 = 
  
b(V )????(b) ??????  ?
????
V = 0:3?? 4.3???? a?V = 0:666???? b?????.
???????????????????????????????????????????
????????
4.6.4 ??????????????????????
?????????????????????? SNA??????????????????
??????????????????????????????????
???? (4.15)?????? ~M ????????? (yn; zn) 2 T2???? f[? (4.13)]???
?????? xn 2 R?????????????????????????? (???)???
xn??? f(x)? 45????????????????????? (? 4.11)??????
?

b(V )
 V2  1 + k ?????????V  Vc[ 1=(1 + )]?????? f(x)? 45???
???????????????????????? xn? Im  [m;m + 1) (m  bx0c)???
??????????????????????? (bx0c? x0??????????)?????
??? Tm(x0; )??? xn??? Im????????????????:
Tm(x0; ) = minfnjxn  m+ 1g  minfnjxn  mg: (4.21)
?? xn ?????? 45 ???????????????????????????????
??????????????? sin?????  1???????????????????
x  3=4 +m (m 2 Z)?????????. ????? Im???? ~x = x  (3=4 +m)????
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X n
+
1
Xn
? 4.11: ?????????? xn+1 = f(xn)????????????? f0(x)?????
???, ???????????????????????????
d~x
dn
 
+ V
2
h
  cos 2~x+ 
k
sin [k(~x+ 3=4 +m) + ]
i
;
= 
  V
2
h
cos 2~x+

k
cos 2(k~x+ "m)
i
:
??? n??????????????????? "m?????????????????:
"m :=
8>>>>><>>>>>:
[k(3=4 +m) +    3=4] (mod 1)
if [k(3=4 +m) +    3=4] (mod 1)  1=2;
[k(3=4 +m) +    3=4] (mod 1)  1
if [k(3=4 +m) +    3=4] (mod 1) > 1=2:
?? "m ???? ( 1=2; 1=2]??? k???????????. ????"m ????????
??? (lim infm!1 j"mj = 0). ??????????????????? "m?????????
???? 2~x? 2(k~x+ "m)??????????????????????????????
??
d~x
dn
 
+ V
"
(1 + k)

~x+
"m
1 + k
2
+
"m
2
k(1 + k)
#
:
???????????????, ? (4.21)?????????? Tm????????????
?????????????????????? ~x? ~x = 0??????????? Tm???
????????
Tm ' p
V (1 + k)
 + (V "m)2=k
: (4.22)
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Simulatin
Theory
ln∆Ω
<T>
? 4.12: ???????????? hT i?
??? (??). ????????? (4.23)???.
ln
 <  25?????????????????????????????????????
?????????????????????
?? "m? ( 1=2; 1=2]???????? P (") = 1??? (??m???????)?"? Tm??
??????????????????????????????????
hT i ' c
h
ln
"+p"2 +
=pi"=1=2
"= 1=2
;
!  c ln
 + c ln p 1 (
! 0): (4.23)
????c = 1V
q
k
 ?? p =
V
k(1+k) ???. ? 4.12???? (4.23)?????????????
?????. ???? y?????Wy = 1=hT i???????Wy?Wz(= kWy)?
???
??????????
??????????????, ????
@xn
@
?? (4.19)????????????????
??? f 0(xn)????? 1????????????????????. ???? 4.9(b)???
???????  (n)??????? (n  2 103) ??????????????.
?????? 
 = 
b(V )??,???????? hT i???????????Wy?Wz ???
???????????????????????????????????????????
?????????????. ????? 5??????????
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 0.56
 0.58
 0.6
 0.62
 0.7  0.72  0.74  0.76  0.78
y y
z z
zz
y y
(a) (b)
(c) (d)
? 4.13: ???????????????????????? SNA????(a)????????
???? (??)?????????? (??). ????????? SN ?? (
; V )=(0:646; 1:3)?
(b) ???? SNA(??)???????? (??)?????????? SN ?? (
 = 0:647,
V = 1:3)?SNA????????? f   0:022 43?(c)? (d)????? (a)??? (b)??
????????????.
?
4.6.5 ??????????????
??????? 1?????? SNA??????????????????????????
???????????????????????? [Kim et al. 2003]????? 4.3(c)???
?NS??????????????????. ????? (
; V )??? T1????????
????, ?????????????????????? (????) 3????? [? 4.13(a)]?
??????????????????????????????????SNA?????? [?
4.13(b)]?? 4.13(c)??? 4.13(d)??????????? SNA??????????????
?????  (n)?????????? 4.14????
3????????? ~M ????????????????????????????????????????
? (????)??????
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n n
Γ(n) Γ(n)
ν=2.02 ν=1.81
(a) (b)
? 4.14: (a) ? 4.13(a)????? (?)? 4.13(b)? SNA(??)??????????  (n)?(b)
? 4.15(a)????? (?)? 4.15(b)? SNA(??)??????????  (n)?
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(a) (b)
(c) (d)
z z
z z
y y
y y
? 4.15: ??? FR??????????????????? SNA???. (a) ???????
(??)????????? (??)??????? (
 = 0:61, V = 1:3). (b) SNA (??)????
????? (??)??????? (
 = 0:605, V = 1:3) (c)?(d)????? (a)? (b)?????
??????????
4.6.6 ???????????
SNA??????????????????? 4.3(c)???? FR???????????
???????. ??????????????????????? Kaneko????????
? [Kaneko 1984; Nishikawa and Kaneko 1996]. ????? (
; V )????????????
??????????????????????????????? 4.15(a)? 4.15(b)???
???????????????????? SNA???????????????? 4.15(c)?
4.15(d)?????? 4.15(a)? 4.15(b)????????? 4.14(b)?? 4.15(a)???????
?? 4.15(b)? SNA??????????????????????????SNA?????
 (n)  n (  1:81)???????.
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4.7 4?????
???????????????????? SNA????????????????????
?????????????????????????Badard???????????????
???????????????????????????????????????????
???????????????????????????????????????????
??????????????
 ??????????????????? 1?????? 2???????????? 1??
?????????????????
 ????????????????????? 1?????? SNA????
 ???????????????????????????SNA?????? (??????)
 ??????????????????? 1?????? SNA????
 ??????????????????????????????? 1?????? SNA
????
??????????????????????????????????????? hT i???
???????
???????? hT i /   ln
??????????????
Badard??????????? (4.7)??????????????. ??R2???????
???????????
yn+1 = yn +
y + F (yn; zn);
zn+1 = zn +
z + kF (yn; zn):
(4.24)
??? F (y; z)? y?z?????????
y, 
z?k????????????. 4.4?????
???????? (4.24)?????????????????????????????????
?????? (xn; n) = (yn; zn   kyn)?????? (4.24)????????????????
????????
xn+1 = xn +
y + F (xn; kxn + n);
n+1 = n + !:
(4.25)
??? ! = 
z   k
y ???. Badard???????? k?????? ! = 0???????
?. !????????, ?? (4.25)????????????????????????SNA?
????????. !????????, ?? (4.25)????????????????????
????????k??????????? Badard????????? SNA????????
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????. ?????? F ????????? (4.24)???????????????????
SNA????????????
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?5? ??????????????????
?????????? Badard?? ~M ?????????????????????????
????? SNA??????????? (??????)??????????????????
???????????????????????Wy ??????????????????
????????????????????????????????????????????
5.1 ??
?????Badard??M : (yn; zn) 7! (yn+1; zn+1)???????? (yn; zn) = (xn; kxn+ )
????????????? xn+1 = f(xn)??????? (4.2???)???????????
??? (yn   y0)=n????????????? f ???? (xn   x0)=n??????????
?????????? f???? x0n = xn+3=4, 0 = + 34   34k??????????????
??(0)?????????????????:
xn+1 = xn +
  V
2

cos 2xn +

k
cos 2(kxn + )

: (5.1)
?????????????????
 = 
b(V )?????????????????????
?? (5.1)???????????????????????????????
dx
dt
= 
  V
2

cos 2x+

k
cos 2(kx+ )

: (5.2)
???????????????????????????????????????????
???????????????? (5.1)?????????????? (5.2)????????
????????????? (5.2)??????????? 
 = 1,  = 0,  = k???????
???????????????? [Mitsui 2008]
dx
dt
= 1  1
2
cos(2x)  1
2
cos(2kx); x(0) = x0: (5.3)
???????? k?????????????? (5.3)???????????????????
???????????????????????????????? (5.1)?????????
???????
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t
v
? 5.1: ??? x(t)?????????? x0 = 1=2???? (a)-(b)?????' 1 =
p
5 1
2 ???
???????????? k??? (? 5.1??). ?????? k = ' 1?????? _x(t) = v(t)
????????
? 5.1: ? 5.1???? (a)-(b)?????? k??????????? 5.4????
??? k ????? ???
(a) 102334155165580141 [0;
140] 0.618033988749894
(b) 148099316239629871 [0;
114; 2; 125] 0.618033617353155
(c) 514220604832027711 [0;
114; 10; 125] 0.618033260658830
(d) 377610 [0;
114] 0.618032786885245
5.2 ????
??? (5.3)??????????? x(t)????????????????????????
???????????????. ? 5.1????? x0 = 1=2????????????? x(t)
??????????????????? ' 1 =
p
5 1
2 ?????????????? k???
???? (? 5.1)?
k???? p=q???????? x(t)???????????? x = qn (n 2 Z)???. ??
? 5.1? k = 377=610???????? (d)??????? x = 610???????. ?????
k? p=q?????????? p0=q0???? q0 > q???????? x(t)? p=q???????
x = qn?????????????????????????????????????????
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???? 5.1???? (a)-(c)???? 337=610???????????? k?????x = 610
??????????????????????????? 337=610????????????
???????????????????????????????????????????
? (? 5.1??????????????????).
k?????????? x = 0?????????????????? k???? p=q????
??? x = qn????????????????? k???????????????????
???????????????????? (5.3)? k????????????.
????????????: x?????????????????????????????
????????????????????????????????? cos?? 1?????
?????????????????????????? x ' n?????????. ????
?????????? In 

n  12 ; n+ 12

???????? y = x  n ( 12  y  12)?????
????????????
n 
8<: kn (mod 1) if kn (mod 1)  1=2;kn (mod 1)  1 if kn (mod 1) > 1=2;
"n  jnj = min[kn (mod 1); 1  kn (mod 1)]: (5.4)
?????????? In??????????????????
dy(t)
dt
= 1  1
2
cos(2y)  1
2
cos(2(n + ky)): (5.5)
????? n? "n????? In???? 12 < n  12 ?? 0  "n  12 ??????????.
?????????????????????????
5.3 ?????????
????????? k?????????????? x0 = 1=2??????. ???????
????? x(t)???????? In (n  1)???????. ???? In???????? Tn
??????????
Tn =
Z 1
2
  1
2
dy
1  12 cos(2y)  12 cos(2(n + ky))
:
???????? n?????????????? "n????????????
Tn =
Z 1
2
  1
2
dy
1  12 cos(2y)  12 cos(2("n + ky))
: (5.6)
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????? "n?????????????????????????cos(2y)  1?? cos(2(n+
ky))  1??? y??????????????? cos?? 0??????????????k < 1
???????????????????????? r . 1????????????????
In;r = f y j cos(2y) > r ^ cos(2(n + ky)) > rg;
= (max [ (r); ((r) + n)=k] ;min [(r); ((r)  n)=k]) :
??? (r) = 12 arccos(r)???. k > 1????, ? (5.3)????? k
0 = 1=k, x0 = kx?t0 = kt
??? 0 < k0 < 1??????????????????????? 0 < k < 1???. ?? In;r
???? (5.5)?????????????????????
dy
dt
' 2(1 + k2)

y +
k
1 + k2
n
2
+
2"2n
1 + k2
: (5.7)
? (5.7)????????????????????????. ?? In;r???????? Tn;r?
? (5.7)????????????????
Tn;r ' 1
2(1 + k2)
"
1 + k2
"n
arctan

(1 + k2)y
"n
#min[(r);((r) n)=k]+ kn
1+k2
max[ (r); ((r)+n)=k]+ kn
1+k2
;
! 1
"n
("n ! 0): (5.8)
?????? In;r????? (In nIn;r)??,????? 1=(1 r)????? (???? _y > 1 r).
??????? "n?????????????? Tn????????????? Tn;r ????
?????????
Tn  1
"n
: (5.9)
????? dn = 2"2n=(1+k2)?????Tn ????????? dn / " 1=2n ("n ! 0)?????
?????????????????????? 1=2???? [Pomeau and Manneville 1980]?
???????, ????? "n???????? [0; 1=2]?????? F ("n) = 2???1. ?
?????????????? P (T )??? P (T ) =  F (") d"dT ????????? T ?????
????????????
P (T )! 2
T 2
(T !1): (5.10)
?????????????????????????????????????? P (T )??
???? k?????????????????
? 5.2??????????? (5.9)?(5.10) ?????????????????
1kn (mod 1) (n 2 N)? [0; 1)??????????????? (Jacobi???)[Arnold and Avez 1968]
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Epsilon
T
T
P(T)
? 5.2: ????????? P (T )??????? k = ' 1. ????? x0 = 1=2???????
? T1?? T5000?????? (????? 1???). ?????? (5.10)??????. ???
T ??????????????????????????????????????????
?????????? Tn? "n(n = 1; :::; 2000)?????????. ?????? (5.9)???.
????????? jTn   1"n j???? "n < 0:001? 0:063 0:001???????.
5.4 ?????????
?? x(t)??? [nln=1In =

1
2 ;
1
2 + nl

????????????????????????
Tj (n = 1; 2; :::; nl)????????????????
Tmaxnnl = T
max
n<nl+1
= maxfTn j 1  n  nlg:
??????????? nl?????????????? Tmaxnnl ???????
????????????????????????????????????????? k
??????????
k = q0 +
1
q1 +
1
q2 +
1
. . . +
1
qi 1 +
1
i
= [q0; q1; q2;    ; qi 1; i] :
??? q0 2 Z; qi 2 N; i 2 R??? i > 1????qi???????? qi = bic??????.
i? i????????????? i = qi+ 1i+1 ????????. ??? i???? qi???
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??????, k? i????????????? Pi=Qi = [q0; q1; q2;    ; qi 1; qi]: ??????
????????????????? [Rockett and Szusz 1992]
Pi = qiPi 1 + Pi 2; P 2 = 0; P 1 = 1;
Qi = qiQi 1 +Qi 2; Q 2 = 1; Q 1 = 0: (5.11)
?????? fPig? fQig?????????
??m? kn?????????????. 5.2???????????? "n? "n = jkn mj
??????. ???????????????????"n? n = Qi (i  1)????????
??????? (?? C??)
"Qi = jkQi   Pij =
1
i+1Qi +Qi 1
(i  1): (5.12)
?????????????? f"ng???????????? [Rockett and Szusz 1992].
?? 2 m=n??? 1  n  Qi+1??? Pi=Qi?? Pi+1=Qi+1??????????????.
???????????????
jnk  mj > jkQi   Pij > jkQi+1   Pi+1j :
?? 2??????D????? (5.12)??? 2????? 1??????
? 1 ???????????????? "n???????????????j < Qi+1?? j 6= Qi
????????? j???
"j > "Qi > "Qi+1 :
????? (5.6)???????? Tn?????? "n??????????????????
? 2 ? 1???j < Qi+1?? j 6= Qi????????? j???
Tj < TQi < TQi+1 :
? 2???????? Tn? "n??????? (dTnd"n < 0)???? 1??? 2 ????????
? dTnd"n < 0?????? E???? 
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? 2??????? Tmaxnnl?????? IQi (i  1)??????????????. ?????
(5.12)???????????????????
Tmaxn<Qi+1 = TQi '
i+1Qi +Qi 1

: (5.13)
?????k??????????????, ???????????????????????
??????????????????????????? k = ' 1?????????? q0 = 0
and qi = 1 (i  1)????????????Qn = Qn 1 +Qn 2?????????????
??????????????????? (? 5.1???? (a)???).
5.5 ???????
?????????????????????????????? x(t)=t??????????
????????????????????????????????? x(t)????? (t!1)
???????????
5.5.1 ? t=x(t)???
? t=x(t)??????? x(t)????????????????????? x0 = 1=2???
? (5.3)???????????? r(x) = t=x(t)??? x?????????. ? r(x)????
Qi???????????????????
r

Qi +
1
2

& r

n+
1
2

& r

Qi+1   1
2

(n = Qi; Qi + 1;    ; Qi+1   1): (5.14)
????? F????????????? f"ng???????????????????. ??
? (5.14)??????? n??? r
 
n+ 12
 ' 1nPnj=1 Tj ??????? (??????????
?????)???? (5.14)???? r
 
Qi +
1
2

????Qi?????????????
r

Qi +
1
2

' 1
Qi   1
Qi 1X
j=1
Tj +
TQi
Qi
;
'
Z TQi 1
Tmin
TP (T )dT +
TQi
Qi
;
=
2

lnTQi 1 + C0(k) +
TQi
Qi
:
??? Tmaxn<Qi = TQi 1 ????????T
min???????????????C0(k)?C0(k) =R TQi 1
Tmin
TP (T )dT   2 lnTQi 1 ???????????????? P (T )? T ?????????
????????????? Qi ????????????????????????????
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(??? C0(' 1)  0:558). ? (5.13)?????? r
 
Qi +
1
2

?????? k ????????
???????
r

Qi +
1
2

' 2

ln(Qi +Qi 1=i+1) +
i+1Qi +Qi 1
Qi
+ C1(k): (5.15)
????? C1(k) = C0(k)  2 ln???????????? (5.14)???? r
 
Qi+1   12

??
??Qi+1??????????????
r

Qi+1   1
2

' 2

ln(Qi+1 +Qi=i+2) + C1(k): (5.16)
???? (5.14), (5.15) and (5.16)??????? r(x)???????????
2
 lnQi+1 + C1(k) . r
 
n+ 12

. 2 lnQi +
2
 ln

1 + 1qii+1

+ i+1+1=qi + C1(k)
??? n = Qi; Qi + 1;    ; Qi+1   1: (5.17)
x = n+ 12 (n = Qi; Qi + 1;    ; Qi+1   1)????x?Qi < x < Qi+1?????? (5.17)??
???????
2
 lnx+ C1(k) <
t
x <
2
 lnx+
i+1
 +
2 ln 2+1
 + C1(k);
??? x 2 Si 
n
n+ 12
 n = Qi; Qi + 1; : : : ; Qi+1   1o :
??? 1=qi  1??? 1=(qii+1) < 1?????. ?????t=x? x????????? f(x)
??????????????
t
x '  lnx+ f(x); (5.18)
C1(k) < f(x) <
i+1
 +
2 ln 2+1
 + C1(k) (5.19)
??? x 2 Si 
n
n+ 12
 n = Qi; Qi + 1; : : : Qi+1   1o :
???
 =
2

???.
? (5.15)?? (5.19)???? r(x)??????????????????????????.
? 5.3? k = ' 1??? k = 1=e(???????)???? r(x)??????????????
?? k = ' 1??????  lnx+C1(' 1)???????????k = 1=e(???????)?
????????????????????? (??? C1(' 1) ' C1(1=e)???). ?????
?????? k?????????????.
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? 5.3: ?? x???????? r(x)??????? k = ' 1??? k = 1=e (???????).
?????? r(x)???  lnx+C1(' 1)??????????? k = ' 1?????????
?. ????????? r(x)???????????? (5.20)?(5.21)???????
????? i+1??????Qi=Qi 1???????????, ? r(x) = t=x???????
? (5.18)?(5.19)???????????. ??? k = ' 1???, i+1 = '?Qi=Qi 1 ' '??
?? i??????????. ? r(x)??? rL(x)??? rU (x)????????????
rL(x) . r(x) . rU (x) for k = ' 1;
rL (x) =  lnx+ fL; (5.20)
rU (x) =  lnx+ fL +
p
5=: (5.21)
??? fL =  ln

1 + 1
'2

+ C1('
 1). ?? rL(x)??? rU (x)???? i??????
? 5.3????? k = ' 1????? r(x)?????????????????? x????
????????????????. ?????????????????????? IQi ???
?????????????.
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t/x
Approx.1
Approx.2
Approx.3
Approx.4
Approx.5
? 5.4: ?? t???????? t=x(??)?k = ' 1. ????????????? t=x(n)(t) (n =
1; 2;    ; 5)???????
5.5.2 ?? x(t)??????????
? (5.18)?(5.19)?? t=x(t)?????????????????????????. ? (5.18)
??????????, ?? x(t)???????????
x(t) ' t
 ln
t
 ln
t
 ln
t
 ln
t
. . .
+ f(x)
+ f(x)
+ f(x)
+ f(x)
:
 lnx f(x)??????????  lnQi  i+1 + 2 ln 2+1 + C1(k)?????? (5.18)?
t ' x lnx
???????. ???????y =WeW ??????? Lambert W ??W (y)??????
???????????2
x(t) ' eW (t=): (5.22)
????????????????????????????????k = ' 1???, x(t)?
2??? Lambert W ????????????????????????????????????????
Lambert W ????????? [Shinkai and Aizawa in preparation].
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?? (5.20)?????????
x(t) =
1
L1t=(1=e)
; Ls(u) = log(e s) u =
1
s
ln
1
u
???  = efL=. ???? n??? x(n)(t) = 1=[Lnt=(1=e)]??????. ? 5.4???? t
???????? t=x ????? 5??????????? t=x(n)(t) (n = 1; 2;    ; 5)????
??
t
x(1)
= ;
t
x(2)
=  ln
t

+ fL;
t
x(3)
=  ln
t
 ln
t

+ fL
+ fL;
t
x(4)
=  ln
t
 ln
t
 ln
t

+ fL
+ fL
+ fL:
?????????????????????????????????? fx(n)(t)g???? n
???????????????????? x(1)(t)????????
5.6 ??Badard??????
????? (5.3)??????????????????? (5.1)???????? (5.1)???
?  = 0???x0 = 1=2??????????????? In???????????????
Tn '
p
k=0
V "n
("n ! 0): (5.23)
?????? ???? ????? 0????????"n????? (5.4)?????????
? (5.23)?? (5.9)?????????????????????????????????
t! V

r
0
k
n
??????????? (5.3)????????????????? (5.1)??????????
??????? n????x0 = 1=2?????????? xn??????????????
xn   x0
n
' 1
 ln
n
 ln
n
 ln
n
 ln
n
. . .
: (5.24)
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0
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Approx. 1
Approx. 2
Approx. 3
Approx. 4
Approx. 5
? 5.5: ????? (5.1)???? n=(xn   x0)????? (??)?????? x0 = 1=2. ???
????????????????:  (Approx. 1);  ln(n=) (Approx. 2);  ln(n=( ln(n=)))
(Approx. 3);  ln(n=( ln(n=( ln(n=))))) (Approx. 4);  ln(n=( ln(n=( ln(n=( ln(n=)))))))
(Approx. 5).
???  = V
q
k
0 ????? 5.5? x0 = 1=2????? (xn   x0)=n???????????
?????????????????? (4.15)??????????????? Badard??M
??????? (yn   y0)=n?? (5.24)???????????? (y0; z0)?????????
?????? 1= lnn??????????????????????????????????
(yn   y0)=n???????????????Badard??M ???????? (y0; z0)????
????????? (5.1)???? x0? ?????????????????????????
????? 5.6????(xn  x0)=n???????? (x0; )????????????????
????????? (5.24)?????????????? (? 5.6? n=(xn   x0)???????
?????????.) ??????? (xn x0)=n  1=n????????? (5.1)????  = 0
???? x = 0???????????? x0 . 0??????????????.
5.7 5?????
??????????????????????????????????????????
???????????????????Badard??????Wy?????????????
???????????????????????????????????????????
???? 1= lnn????????????????????????????
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90
?6? ??????
????????????????????? (SNA)??????????????????
???????? SNA??????????????
1????GOPY??? SNA??????? SNA???????????????????
???SNA??????????????????????????????????????
???????????????????????????????????????????
?????????????SNA????????????????????????????
??????????
2?????GOPY?????????????????????????????????
? SNA????????????????????????????????????????
????????????????????????????????????????????
3??????????????????????????????????????????
????????????????????????SNA-?????????????????
?????????????????????????????:
???????????????????? (SNA??) ! ???? (???????????):
???????????????????????????????????????????
???????????????????????????????????????????
???????????????????????????????????????????
???????????????????????????????????????????
???????????????????????????????????????????
????????H ???????????????????????????
???SNA????????????????? [Feudel et al. 2006 (p. 26)]????????
?? SNA???????????????????????????????????????
???????????????????????????????????????????
???????????????????????????????? t??????????
???????????????????????????????????????????
???????
4??????????????????? SNA????????????????????
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?????????????????????????Badard???????????????
???????????????????????????????????????????
???????????????????????????????????????????
?????????????????? SNA???????????????????????
??????? SNA?????? (??????)????????????????????
?????????????????????????????? hT i??????????

???????? hT i /   ln
?????????????????????? (4.24)???
???????????????? SNA???????????????????? SNA??
????????????????????
5????4?????????????????????????????????????
??Badard??? y??????????????????????????????????
??????????????????????????????????? Tn???????
????????????????????????????????????Badard????
?????????????????? (yn  y0)=n????????????????????
????????????????????????????????????? 1= lnn???
??????????????????????????
???????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
???????????????????????????????????????????
?????? (Generalized Synchronization)?????????????????????
???????????????????????????????????????????
_x = f(x;y);
_y = g(y);
(6.1)
???
xn+1 = f(xn;yn);
yn+1 = g(yn):
(6.2)
???????????????????? x????????? y????????????
?? [Rulkov et al. 1996]??????????
x = (y)
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??????????????????? x = (y)?????? SNA???????????
???????? [Pikovsky et al. 2001 (p. 352)]???? SNA???????????????
????????????????? (weak generalized synchronization?????).
??????????????????????????????????????????
? SNA???????????? [Singh et al. 2008]????? 2?????????????
??????????????????????????????????????? SNA??
???????????????????????????????????????????
????????????SNA?????????????????????????????
?? [???????? 1998; ????? 1999; Wang et al. 2004]????????? SNA??
?????????????????????????????????????
???????????????????????????????????????????
???????????SNA??????????????????????????????
?????????
xn+1 =
8>><>>:
xn
(1  xn)1=
if xn 2 X0 = [0; (1=2)1=);
1  xn
1  (1=2)1= if xn 2 X1 = [(1=2)
1=; 1];
yn+1 =
8><>:
yn
(1 + yn)
1=
if xn 2 X0;
1  (1  (1=2)1=)yn if xn 2 X1;
zn+1 = (a+ " cos(2yn))zn(1  zn):
(6.3)
????? x?Yuri????????????? [Yuri 1986]????????????? x = 0
???????????   1? [0,1]??????????????? (??????)????
Yuri????????????? (x; y)??????????????????????????
??? [Tsugawa and Aizawa in preparation]??? (x; y)?????????????????
??????????????????? f0; 0g?????????? " = "0(4=a  1), "0 = 0:2,
 = 1:1?????a????????????? 6.1(a)??? (b)????? a = 2:0???
a = 3:2???????????????????????????????????????
???????????????? x; y???????????????? z????????
???????????????????????????????????? N ?????
P (N )???????????????? (? 6.2)? ???????????????????
???????????????????????????????????????????
???????????????????????????????????????????
????????????????
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? ?A ??????????????????
????????
??????????????????????????????????????????
????????????????????????? [Schuster and Just 2005 (p. 16)]
_x = v; (A.1)
_v =   _v + F (x)
1X
n= 1
(t  Tn): (A.2)
???  ??????T ?????????????????? (xn; vn) = lim"!+0[x(nT  
"); v(nT   ")]???????????????????????????????????? x
?????????????? (A.2)????? xn????????????????????
????
_v =   _v +
1X
n= 1
F (xn)(t  Tn):
?????? nT   " < t < (n+ 1)T   "??????
v(t) = vne
 (t nT ) +
1X
n= 1
F (xn)
Z t
nT "
dt0e(t
0 t)(t0   nT );
= e (t nT )[vn + F (xn)]:
????? v(t)????? (A.1)?????????????????????
vn+1 = e
 T [vn + F (xn)];
xn+1 = xn +
1  e T

[vn + F (xn)]:
(A.3)
???
vn+1 = e
 T [vn + F (xn)];
xn+1 = xn +
eT   1

vn+1:
T !1???????????????????? (A.3)???????????
xn+1 = xn +
1

F (xn): (A.4)
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F (x)? 2?????????xn??? [0; 2)??????????????????????
?? (A.4)?????????????????? 1F (xn) = 2
+A sin(xn)????????
?????????
105
? ?B ?????????
?????? !???????????????? [Rockett and Szusz 1992]
! = q0 +
1
q1 +
1
q2 +
1
. . . +
1
qn +
1
n+1
= [q0; q1; q2; :::; qn; n+1];
= q0 +
1
q1 +
1
q2 +
1
q3 +
1
. . .
= [q0; q1; q2; :::]:
(B.1)
??? q0 2 Z; qk 2 N (k = 1; 2; :::; n  1)?????n(> 1)? n???????????[]? 
?????????????????? qk = [n]?????????????????????
???? qk????????????????????????????????k?????
?? !k? k+1 = 0??????????
!k =
Pk
Qk
= [q0; q1; q2; :::; qk]:
??????????? Pk???Qk??????????
Pi = qiPi 1 + Pi 2; P 2 = 0; P 1 = 1;
Qi = qiQi 1 +Qi 2; Q 2 = 1; Q 1 = 0:
(B.2)
???????????????? [?? C?? (C.3)??]
1
(Qk+1 +Qk)Qk
< j!   !kj < 1
Q2k
:
?????????????????? (B.2)?????????????
1
(qk+1 + 2)Q
2
k
< j!   !kj < 1
qk+1Q
2
k
:
? (B.2)????? fQkg??????????? k????????????????????
???????? !k? k !1???? !?????????? ! = limk!1 !k. ??????
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?? qk???????????????Qk???????????????????????
??????????????????????????qk = 1(8k  1)??????????
? !??????
! = [0; 1; 1; 1; :::] =
p
5  1
2
:
????????????????????????????? !???????? Fk ???
!k = Fk 1=Fk????????????????????F0 = 1, F1 = 1??Fk+2 = Fk+1+Fk
???????????????????????????????????????????
?????
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? ?C ? (5.12)???
?????????????? (1)?(2)??????? [Rockett and Szusz 1992]:
(1) ??????? Pi???Qi???????
Pi+1Qi   PiQi+1 = ( 1)i (i   2): (C.1)
(2) ?????? k????????????
k =
i+1Pi + Pi 1
i+1Qi +Qi 1
(i   1): (C.2)
?????? (5.11), (C.1)?? (C.2)????? k??? i??????????
k   Pi
Qi
=
( 1)i
(i+1Qi +Qi 1)Qi
: (C.3)
??????
jkQi   Pij = 1
i+1Qi +Qi 1
:
?? fQig? i??????????????i > 1?????
jkQi   Pij < jkQ1   P1j = 1
2Q1 +Q0
=
1
2q1 + 1
<
1
2
:
????? jkQi   Pij < 1=2?? kQi???????? Pi????????????. ?????
"n??? [? (5.4)]?? "Qi = jkQi   Pij?????.
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? ?D ?? 2???
?? 2???????????????????????????????????????
?????????? [Rockett and Szusz 1992].
??????
kn m = (kQi+1   Pi+1) + (kQi   Pi):
???? k???????????????????????:
n = Qi+1 + Qi; m = Pi+1 + Pi: (D.1)
??
0@ Qi+1 Qi
Pi+1 Pi
1A?????? (C.1)?????????? (D.1)? ( 1)i = mQi nPi; ( 1)i =
nPi+1  mQi+1??????????????? ?  ????????????. ?? ?
????????????????????m=n? Pi=Qi?Pi+1=Qi+1???????????
???. ????n  Qi+1???? (D.1)???????????????????????
?. ???? (C.3)???kQi+1   Pi+1? kQi   Pi???????????????????
jkn mj = j(kQi+1   Pi+1)j+ j(kQi   Pi)j > jkQi   Pij:
???? (5.12)?? jkQi   Pij > jkQi+1   Pi+1j???. 
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? ?E ??? Tn("n)d"n < 0???
? (5.6)?????????? Tn("n)? n????? T (k; ")???
T (k; ") =
Z 1
2
  1
2
dy
1  12 cos(2y)  12 cos(2("+ ky))
??? (k; ") 2 (0; 1) (0; 1=2):
T (k; ")? "??????
dT (k; ")
d"
=  4
Z 1
2
  1
2
f(y)dy ??? f(y) = sin(2("+ ky))
(2  cos(2y)  cos(2("+ ky)))2 :
????????????, ???????????????????:
?? 1 k2 < " <
1 k
2 :
f(y) > 0 ???   1
2
< y <
1
2
:
????dTd" < 0:
?? 2 "  min k2 ; 1 k2 :
dT (k; ")
d"
=  4
Z   "
k
  1
2
f(y)dy   4
Z 1
2
  "
k
f(y)dy;
=  4
Z 1
2
  "
k
0
f1(z)dz   4
Z 1
2
+ "
k
0
f2(z)dz;
=  4
Z 1
2
  "
k
0
(f1(z) + f2(z))dz   4
Z 1
2
+ "
k
1
2
  "
k
f2(z)dz:
???????f1(z) =   sin(2kz)(2 cos(2(z+ "
k
)) cos(2kz))2 < 0;??f2(z) =
sin(2kz)
(2 cos(2(z  "
k
)) cos(2kz))2 >
0 ?????. ???,
f1(z) + f2(z) =
4 sin(2z) sin(2kz) sin(2 "k )(2  cos(2kz)  cos(2z) cos(2 "k ))
(2  cos(2(z + "k ))  cos(2kz))2(2  cos(2(z   "k ))  cos(2kz))2
> 0:
???, dTd" < 0:
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?? 3 "  max k2 ; 1 k2 :
dT (k; ")
d"
=  4
Z 1=2 "
k
  1
2
f(y)dy   4
Z 1
2
1=2 "
k
f(y)dy;
=  4
Z 1
2
+
1=2 "
k
0
f3(z)dz   4
Z 1
2
  1=2 "
k
0
f4(z)dz;
=  4
Z 1
2
  1=2 "
k
0
(f3(z) + f4(z))dz   4
Z 1
2
  1=2 "
k
1
2
  1=2 "
k
f3(z)dz:
???????f3(z) = sin(2kz)
(2 cos(2(z  1=2 "
k
))+cos(2kz))2
> 0;??f4(z) =   sin(2kz)
(2 cos(2(z+ 1=2 "
k
))+cos(2kz))2
<
0 ?????????,
f3(z)+f4(z) =
4 sin(2z) sin(2kz) sin(2 1=2 "k )(2  cos(2kz)  cos(2z) cos(2 1=2 "k ))
(2  cos(2(z   1=2 "k )) + cos(2kz))2(2  cos(2(z + 1=2 "k )) + cos(2kz))2
> 0:
(E.1)
???, dTd" < 0:
?? 4 1 k2 < " <
k
2 :
dT (k; ")
d"
=  4
Z   "
k
  1
2
f(y)dy   4
Z 1=2 "
k
  "
k
f(y)dy   4
Z 1
2
1=2 "
k
f(y)dy;
=  4
Z 1
2
  "
k
0
(f1(z) + f2(z))dz   4
Z 1
2
  1=2 "
k
0
(f3(z) + f4(z))dz   4
Z 1 2"
k
  1
2
1
2
  2"
k
f(y)dy:
?? 2, 3 ???????????????????????????

1
2   2"k ; 1 2"k   12

: ?
f(y) > 0 ??????????????????, dTd" < 0:
????, ??? "?????? dTd" < 0?????? 
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? ?F ? (5.14)???
?????Qi????, ??? (5.14)??????????????
1
Qi
QiX
j=1
Tj &
1
n
nX
j=1
Tj &
1
Qi+1   1
Qi+1 1X
j=1
Tj (n = Qi; Qi + 1;    ; Qi+1   1): (F.1)
?????????
???????????????????????
1
Qi
QiX
j=1
Tj &
1
n Qi
nX
j=Qi+1
Tj (n = Qi + 1;    ; Qi+1   1): (F.2)
????? f"jgnj=Qi+1??? ["min; "max]????????????????????"min(> "Qi)
? "max??????????? "j (j = Qi + 1;    ; n)???????????. ? (F.2)??
????????? (5.10)?????????? P (T )??????????????????
??
1
n Qi
nX
j=Qi+1
Tj =
Z Tmax
Tmin
TP (T )dT <
Z TQi
Tmin
TP (T )dT; (F.3)
? 2?? Tmax < TQi ????????????????. ? (F.3)?????????Z TQi
Tmin
TP (T )dT ' 2

ln(Qi +Qi 1=i+1) +
2

ln i+1 + C1(k): (F.4)
? (F.4)?(5.15)?? (F.2)?????????
1
Qi
QiX
j=1
Tj  
Z TQi
Tmin
TP (T )dT ' (i+1   2 ln i+1)Qi +Qi 1
Qi
> 0:
????????    2 ln  > 0????. ????????? (F.2)?????.
?????????
? (F.1)????????????
1
n
nX
j=1
Tj =
1
n
24Qi+1 1X
j=1
Tj  
Qi+1 1X
j=n+1
Tj
35 :
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? 2?????????
PQi+1 1
j=n+1 Tj ? TQi ????????????????????????
?????????????
Qi+1 1X
j=n+1
Tj . (Qi+1   1  n)
Z TQi
Tmin
TP (T )dT:
??????????? f"jgQi+1 1j=n+1 ???????????????. ????,
1
n
nX
j=1
Tj &
1
n
"
(Qi+1   1)
Z TQi
Tmin
TP (T )dT   (Qi+1   1  n)
Z TQi
Tmin
TP (T )dT
#
=
Z TQi
Tmin
TP (T )dT ' 1
Qi+1   1
Qi+1 1X
j=1
Tj :
???, ???????????. 
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? ?G GOPY???SNA???????
4?????Grebogi?????????????????????????????????
??? SNA??????????????????? [Grebogi et al. 1984]?????????
????? (1.8)??? "xn (" > 0)???? SNA?????????????8<:xn+1 = 2(tanhxn) cos(2n);n+1 = n + ! + "xn (mod 1): (G.1)
?G.1?????????????? jmax j? "????????????? jmax j  "0:9223
????????????????????? "?????????????? max????
????????????????GOPY??? SNA??? "xn??????????????
????????????????? "?????????????????????????
?????????????????
??????????????????????????????????????????
???????????????????????? "g(xn; n) ???????????
xn+1 = f(xn; n);
n+1 = n + ! + "g(xn; n) (mod 1):
(G.2)
???????? " > 0?jgj  d (d?????)??????? (G.2)? q??????????
?????
q!   p+ "
qX
n=1
g(xn; n) = 0 (G.3)
?? (q; p) (q 2 N; p 2 Z)?????????????? (G.3)??????????!   pq
  "d (G.4)
??????? q=p???????????
!? n( 2)?????????????Roth???????? [Roth 1955]1?
?? 3 !???????????? ????? c = c(!; )?????!   pq
 > cq2+
1Roth?????? 1958????????????????
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? G.1: ???????????? (G.1)?????????????? jmax j? "???. ??
? max < 0??????? max > 0???????????????????????????
????????"0:9223????????????.
????????? p=q?????????
? (G.4)? Roth????????????????????? q ????????????
??
q >
 c
"d
 1
2+
(G.5)
??????? "????????????????????????????????
?????????????????????? "???????????????????
?????????????? SNA???????????????????
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??????? ??????????? 4??? 8???????????????????
??????????????????????????????????????????
??????? ????????????? ?????????????? ????????
??????? ????????????????????????????????????
????????????????????????????????
????????????????????????????? ?????????????
? ?????????????????????????????????????????
?????? ???? (????????) ??????????????????????
??????????????????????? ?????? (????????) ????
????????????????????????????????????????????
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